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PREFACE 


The objoofc of tlua monogiaph ib io givo an lufcioducLoiy 
aoooiuit of the geneial piinoiples 'wJiioh foitn the 
physical basis of the Quantum Theoiy This tlieoiy 
IS here oonsideied os a branch of physios and not os 
a branch of mathematics hence questions of mathe 
matical technique are tieatod only in relation to the 
appropiiate expression of physical concepts in mathe 
matical language The exposition is lestrioted to a 
diaouBBion of general pnnoiples and does not attempt 
then detailed application to the wide domain of atomic 
physios although a numboi of special piobloms aio 
oonsideied in elucidation of the general pnnoiples 
Numerous examples aie given to illuatiate the general 
theory and to mdioate the natuie of further develop 
ments outside the scope of this book 
The neoessaiy jfundamental mathomatioal methods — 
the tlieory of Imeai oporatois and of matiioos — aio 
developed ab inilio in the fiist chap 1 01 The method 

of Wave Mcohamos which foims bho subject of Dr 
H T JFhnt s monogiaph in this series is heie oonsideied 
only as that form of the general mathematical metliod 
appropnato to variables with oontmuoua spootia 
In a shoit introductory woik such as this it appoaia 
unnooessaiy to burden the text with detailed leferenoos 
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to oiigiiml autliontiDs My debt to the pioneers of tlio 
subject IS indicated by the goneial lefeienoea at the end 
of this book and I especially wish to acknowledge my 
indebtedness to the atandaid tioatises of Dirao Weyl 
and J V Neumann 
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THE GENERAL PRINCIPLES OF 
QUANTUM THEORY 

CHAPTER I 

THE THEORY OF LINEAR OPERATORS 

Thu principal mathematical instrument m the foimation 
and development of the (quantum theory is the theoiy 
of hneor operators This bianoh ot pure mathematics 
plays the same pait in the quantum theoiy oa tensor 
analysis m the theoiy of relativity or the infinitesimal 
oaloilus m classical dynamics A study of this subject 
IS thexefore an indispensable prehmmory to the study 
of the quantum theoiy and although the theory of the 
present ohaptei may be unfamihai to many students 
of physios its concepts and methods are essentially 
simple and find wide apphoations in both mathematics 
and physios 

Ctomplex Numbers as Operators — A simple mtio 
duotion to the thooiy of Imear operatois is piovidod 
by the goomotiioal intoipretation ol ordmaiy complex 
numbeis as transfoimationB of a ooplanar set of vectors 
A veotoi is completely specified by its components 
parallel to the axes which we suppose to be leot angular 
It IS oonveniont to change the usual notation m anti 
oipation of the subsequent gonerahsation of the theory 
to n dimensions and to denote the components of the 
vectors oc and jS by and 6^ 6g etc The followmg 

definitions complete the theory of plane veotoi s The 
sum of two veotois and p is the veotoi a + with 
1 
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oomponenta % + 6i ajj + Tlie pioduofc of a veoCor 
a by a numbei o ib the veotoi ca — ac with. oomponeniB 
cai cOn The unit veotois along the axes will bo 
denoted by and cj bo that a = 
magnitude of the veotoi oc is (aj_^ + and tho scalar 
produot of (7 and p is + a^b^) written foi bievity 
as (or p) 

Oomplex numbeifl aie entities essentially difieiont 
from leal numbei a and from those ordered pairs of 
leal numbers which we oaU veotois These lattoi 
lepiosent magmtudos and positions lespeotivoly — ^lo 
they aie passive oi static m ohaaaoter but complex 
numbers repiesont opeiations executed upon veotois — 
1 e they aie active oi dynamic Bnefly leal numbei s 
and veotois aio nouuB oomplex numbei s aio voibs — 
m the impel ative mood ! Unfoitunately this vital 
distinction 18 obaomed m ouiiont mathematical symbohsm 
whioh uses tho same symbols 12 'r foi oidinary 
leal numbers and foi oomplex numbei s whose imagmaiy 
pait IS zero To omphasiae the essential diiToienoe 
between theae two concepts we shall use I for the 
oomplex numbei usually denoted by 1 + 0^ and J 
for 0 + li 

Tho symbols I and J lepiesent the two fundamental 
transformations in the theory of oomplex numbei s 
I represents tlie identical tiansfoimatioii which 
leaves every veotoi unaltered and J repioaonts a 
oountei olookwiso rotation tbiough one light angle 
This transforms a veotoi a with components ag 
mto a veotoi a — Jy with components — ^2 To 
these symbols wo may add 0 ropiGsontmg tho nul 
tiansfoimation whioh annihilates every veotoi i o 
leplaoos it by tho nul veotoi with zeio oompononts 
Of oourae we must distinguish between tho passive 
bourgeois zero 0 and this active nihilist zero 0 The 
symbols I J 0 and all similar symbols ropresentmg 
transformations of veotois are called operators 

The transfoimataon symbolised by J can. bo repeated 
It thou transforms tho vector a with oompononts 
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“ Ui into the vootoi a witli oomj[K)iienl/S — 

— 1 e the veoioi — oc The lepetition of an opera 

tion IS lepiGsonted symbohoally by wiitmg 

a = Ja J Ja = J^& 

whence JV = — a This justifies the definition of 
J as the imaginary unit m the algebia of complex 
numbers 

To define the geneial complex iiumbei with real 
pait X and imagmaiy part y we consider the trans 
formation wluoli leplaoes the veotoi a with components 
ctji by the vootoi a mth components 

=%ai — ya^ 

= ya^ + 

If Z IB the operator lepiosentmg this tiansfoimation 
tlien it 10 oleai that 

a = Za = ala + J/Ja 

and Z IB therefore defined to be the complex number 
usually wiitten as x + yt The complete justification 
of this identification lequnes definitions of the sum 
and pioduot of two opoiatois which aio given m the 
next section 

Two Dimensional Operators m Cfeneral —It ib clear 
that besides operatois like Z which represent complex 
numbeis theio aie many other types of operatois 
ootmg on the vootoi s in a given plane Of these the 
simplest aie the piojootive opeiatoiB defined as 
follows K TT iB any umt vector the projection of a 
on TT lias the magmtude (tt a) and the direction of tt 
and IS thoiefoie equal to 7r(7r a) The opeiator P 
defined by the equation 

Pa = 7r(7r a) 

la called the projootive oporatoi for the umt vector tt 
T hose operators possess the important pioperty that 
P“a = Pa Por smoe Ptt = tt 

P Pa = P7r(7r a) =» 7T(7r a) = Pa 
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Anotliex aimple but much less impoitant type of 
opeiator la that wluoli reflects a veotor in a pic 
soiibed hue E g the equations 


— di ufg — 'Art 

-vnd a,=a. «* = a, 

lospeotivoly specify opeiatois L and M whioh leflcot 
the veotoi a in the ^ axis and m the lino whose equation 
IS ^ y 

In geneial an opeiatoi R is oomplotoly spooifled by 
the equations oxpiosaing the ooinponente of a <= Hot 
in terms of tho oomijoixenta of If these equations 

aro lineal R is called a linear opeiatoi and tlion 

tho oquatioiia have the fonu 


<h + 

^2 ” ^11^ H ^2a^a 


complete sot of these coelfloionta 


18 oallod the 


The oooffioionts aie independent of and the 

^11 ^is 
^21 . 

matiix of R Thus foi tho piojeciivo operator P 
tho matiix olomeiit p^k^PjPi. wheie pi p2 aio 
tho components of tho unit vectoi assooiatod with P , 
Similaily the matiioos of tho loflexion opoiafcoia L and’ 
Maie 


1 0 
0 


and 


0 1 
1 0 


The sum of two operators R and S is doflnod to bo 
the oporatoi R + S suoh that £oi any veotoi cf 

(R *}- S)oc = R<y + Ba 


The product of an opoiator R and a real number c is 
defined to be the opera toi oR auoh that for all vectors a 


(oR)a 1=1 c(Ba) 


Thus we may wnto Z === tcl + y J suppiessmg the 
veotor operand a Similarly the product of an operator 
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R by Ml operafcoi S is defined to be the opoiatoi SR 
Huoh that for any voofcor a 

(SR)a = S(R(/) 

1 e (SR)(y = y whoio y ^ Sp and p Thus wo 

find that JL = M and U = — M a result which 
shows that the product RS is not neoossaiily the same 
as the pioduot SR The multiphoation of oporatois 
IB thoiefoie not commutative in general and the order 
of factors in a product is vitally important 

The rolatioua oonneotmg the matrix elements of R 
and S with the matrix elemente of the sum U — R + S 
and the pioduot V = SR follow at onoc from the pio 
oedmg definitions They aie 

A simple lUustiation of these definitions is piovided 
by the addition and multiphoation of the opoiatoi s 
Z — tI + f/ J and W = + i; J It is found that 

W + Z = + ^)I + (v + y)J 

and WZ = {ux — vt/)1 + {ny vx)J — ZW 

These losults are the faimhar laws for the addition and 
multiphoation of complex numbers and they oompleio 
tho justification of the definition given in the piooeding 
BQotion 

Proper Vectors and Proper Values m Two Dimensions 

— In geneial tho action of an opeiatoi R on a veoioi a 
transforms ifc into a vectoi <y which difEeis from a m 
magnitude and diiookon Novel theless it is sometimes 
possible to find oeitam veobois whioh axe changed only 
in magnitude but not in diiootion by tho action of R 
These veotois arc called tlie piopei veotoia of R 
and the latios in which then magmtudes are changed 
by R are called tho piopei values of R 

Por example the lefleotion operator L has tho pioper 
vectors and with proper values 1 and — 1 tlie 
operatoi M has the piopcr vectors and 
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With proper values 1 and — 1 the piojeotion opeiabot 
P has aa pioper veotore tt and a veotoi v peipendioulai 
to TT with proper values 1 and 0 

Turning to the general opeiatoi R defined above 
(p 4) it la oleai that a will bo a propei veoioi of R 
with proper value r if 

+ ^10^2 

and rog ^ ^ ^ "h ^ ua^a 

Honoe r must satisfy the equation 

(>•11 = haUi 

10 2) = I'll + jjj ± [(>11 - >ja)’‘ + 4/i»>jil* 

If these values of r aie real and disimot say and 
then R will have two piopoi veotois and p^ 

In the ease of the opeiatois J and Z the oquatioii*^ 
foi T are I = 0 and (f — ^)^ + 2 /® = 0 so tliat 
J and Z have no ical piopoi vootoia (unless y — 0) 
To avoid tho moonvonienoe of tins lesult wo must 
geneiabee the theoiy so as to admit veotoi a wifcli oomplox 
oompononte i e we muBt deal with veoioi a whoso oom 
ponents aie themselves ojieratoia This gonoialiBation 
18 earned out in the next sootion wlieie also tho nuinboi 
of dimonaionB is inoreased fiom 2 to n 


Examples — 

(1) Show that tho matnx ^ 1 Z ^ 

repieaents a piojootivo opeiatoi and find its 
proper veotoi b ] 

(2) If the soalar produot {pi p^) of tho piopoi veotoi e 

of R IB zeio and the pioper values of R aio 
distinct piove that ^la = ^ai lo the matilx 
of R IS symmetiio about tho loading diagonal 

(3) If Pi and Pg ore the projootive oporatoie foi tho 

proper veotors pi and p^ of R piove that 


Pi + P. - I 

PiPq >=3 0 = PaPi 
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(4) Show that Ji satisfies the equations 

Vectors m n Dimensions — ^The genorohsation of the 
pLooeding thooiy to n dimensional siiaoo with complex 
oo ordinates is puiely foimal A vootoi a is now 
specified by its n oomponents di a which 

WiU in goneml be oomplox numbers The sum of two 
veotors a and j3 and the product of a veotoi a by a oom 
plex numbei c aio defined as befoie as the veotois with 
oomponents + 63 ^ cai 

ca^ ca The pimoipal unit veotors me now 

donotod by e, cj e all the components of ci being 
zeio except the Ic th which is luuty Hence 

a = e^Ori + €^2 + + € 

To ensure that the magmtude of a vector shall be real 
and positive a shght change is made m its definition 
The magmtude of a is defined as 

(oi^ctx + a 

bemg the complex oonjugato of Similaily the 
Boalai pioduot of &oy p la cloflned os 

(j3 or) = 61% + h + fc 

Wo note that {p a) and (or jS) aro conjugate complex 
numbeis 1 0 the oidei of the faotois m a soalai pioduot 
IS now impoibant 

The theory of veotois is completed by the following 
definitions and thooioms a is said to bo a unit vootoi 
if (cy a) = 1 Two veotois cl and j9 aio smd to bo 
orthogonal if (a P) = 0 (This equation obviously 
implies that {p (y) :=3 0 ) Any sot of n unit orthogonal 
veotors cli ^ is ct^ed a basis as for ex 

ample the n pimoipal unit vectors €3 e The 
piinoipal properties of a basis are as follows — 

I The n veotois of a basis aie hnearly mdependent 
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1 o tliey aie not oonueoted by any efiootive i elat/on of 
the foim 

CTidi + (^z+ + ^ ^ 

(For smoe (ocj — 0 if ^ 4= ^ oi 1 if ^ = A such a 
1 elation implies that 

0 = {cff + + a c ) =? C; 

foi all values of j i e all the Cy s aio zoio ) 
n The Expansion Theoi&m any veotoi ^ oau bo 
oxpi eased m the foim 

^ == tCjCi + ajO^ + + « 0 

(Foi this equation yiolds n eunultanoous equations 
to deteimme the c^b and by I the dotoiminant of the 
ooeffloionts of tlio b does not vanish Honoo tlioio is 
a unique Bolntion } 

Tho volnoa of tho Oj a aie easily found explicitly foi 

(yy <l>) ^ £{cij ^ Cf 

Honoo (f) = 

HI J^he Qtmmhsed Theorem of Pythagoias rt <j> 
and ^ aie any two vootoie then 

This follows at onoe from tho pieoeding thooiom 
Operators in n Dimensions — linoai opoiatoi E is 
oomplotoly spooifiod by tho n oquations giving tho 
oompononts of <y = Ra in toijns of the oompononts of 
cf If these (soalai) oquationa aie 

^ iiP'h 0 = 12 n) 

tho oiiay of tho n oooffloients is called tho mabiix 
of Ri and the ooelHolents aie ocdled tho matiix elements 
of B Tho oporatoi B oan also be speoiflod by tho 
n (vector) equations 

R<r^ = 0 = 12 n) 

k 
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deteimme the action of R on the n pimoipal 
virkit veotoia In wilting these equations it is con 
voiiieixt to aiiauge the faotois in each product so os to 
oiing together the dummy sufilxea with respect to 
the summation is effected 

The sum and product of two operators aie defined 
tts befoie If U = R + S and V = SR the matrix 
olomonts of U and V wiU be found to bo 

_ 

eeooiid eq^uatioii expiesses the matrix law of 
itiiiltiphoakon The matiix elements of R oan bo 
expressed as scalar pioduots lu the form 

Thoao definitions oan be illustrated by apphoation to 
R'li OBpeoially important type of operatoi aesoiibed as 
Rymmetno self adjomt oi Hermitian by different 
wntoiB and most simply defined by the condition that 
Llio Hoalar pioduot (a R(y) is always leol foi a sym 
mobile opeiatoi R It follows at once that the diagonal 
matiix mements of R i e those of the foim are all 
1 ea,l and it is easily proved that the matiix of R possesses 
l/lio liinitod dogiee of symmetry expressed by the 
oq^iiation 

= bj 

bliei lb can be shown that if R is symmetric then 
Tor any pair of vootois and y 

iP Ry) = (RjS y) 

JBobh theoiems depend upon the lemma that if 
pz + qz^ is leal for eveiy pan of conjugate complex 
numbers z then p and q must also be conjugate 
oomplox numbeia To piove the theoiems we oliooso 
cx to be pz h yz* Then 

(a Ra) = a loal number + (/9 Ry)a*^ + (y lAp)z* 
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Heuoe by the lomma 

{8 Ry) =. (y Rp)* 

But {Rp y) = (y Rp)* 

thorefoie (p By) = (Kp y) 

Also on wilting P y = we find that 

Projective Operators — Tho piojeotivo opoiatoi A 
whioh projects any veotoi (f> on to tho unit vootoi 
tf 18 defined as in two dimonsions by the equation 

A<f> = cf{a 0) 

whence it follows as before that A* = A that A is 
Bjrmmetno and that the matiix olomonts of A aio of 
tho form 

The mabhematioal oxpiession of tho physical pim 
oiplos of tho next ohaptoi requiios the oonsidoiation of 
the relation between two projective opoiatoi s A and B 
with unit veotois a/ and P Smoe 

Rp — p iP (f>) and Ap = a(y P) 

it follows that 

AB^ = a(a p)(p P) 

and BABt^ =- PiP a)(a P){P i>) = (P a){a p)Rp 

1 0 BAB E oB wlioio 0 = I (a jS) 

Similarly ABA a cA 

Honoe o”^AB and c“^BA aie also piojootivo opoiatois 
lor the umt veotois a and p 
If a and p are orthogonal then 

AB 0 BA 

and the projective operatois A and B aie also said to 
be orthogonal If every pair of the n veotois Cfi 
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a are oithogonal the same is tiue of the 7i> aasooi 
a tod piojootive operators Ag ^ o 

A^A* == 0 if ^ + Aj (1) 

^ Ai if 3 (2) 

Moieovei by the expansion theorem 

SAj/fi = ZajX(x,i ^ 

foi any vector <f) Hence 

+ Ag -h -h A = I (3) 

Any set of projective opeiatois {A^} whioh satisfied 
these three conditions is called a speotial set for 
loasons which are explained m Chapter II (pp 26 26 33) 

Examples — 

(1) The oosme of the angle between two veobois a 

and p being defined (m magnitude) by the 
equation 

(<f ^)(/3 P) 008 * 0 - (a i9)(jS a) 
piovo that 

— 1 < OOB* ^ < + 1 

If the veotoia aie paiallel i e if 0 = 0 piovo 
that a — cj3 wheie c is an oidinary oomplex 
mimbei 
[Let 

(a + zp a + zj5) = lz*z + 7m* + m*z + 7i 

==: l{z + mll)(z* + m*/Z) + n — 7n*mll 

Tlien Iti > m*m etc (Oenerabsation of 
8ohwart7 s mequahty )] 

(2) An opeiatoi P is aaid to bo idempotent if 

R* =3 It If R and S ore idempotent prove 
that I — R 18 idempotent and show that tlie 
nooBSsary and suffloient conditions that R i S 
should be idempotent and that 

(a) RS = SR = 0 (6) RS ^ SR S 
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(3) An opeiator R is said to be non negative if 

(a Rff) >0 foi all vectors a Piove that a 
projective opeiatoi P cannot be expiessod as 
the sum of two non negative opeiatoi s A and 
B unless these aie numoncal multiples of P 
[If V 18 orthogonal to tt- At^ + Bv = 0 i o 
(m Av) + (v Bv) = 0 etc ] 

(4) If Aj Aa A and Bg B aio two 

speotial seta of projeobivo opoialois and it 

i f 

show that 


B*U == UA;^ Aj,V = VB 
VU = I = UV 


K 


B* = -aA,V A;-VB,U 


(6) If A and B are syramotiio opeiatois piovo that 
the neoesaary and sufficient condition that AB 
should bo synunobiio is that A should oommiito 
with B 

(6) If %A 18 syramotiio A is said to bo skow If 
A is skew piove that + (tfo)* = 0 and show 
that if A and B arc symmetiio (AB + BA) is 
S 3 mim 6 ta?io and (AB — BA) is skew 
Proper Vectors and Proper Values —As in two dimon 
sional space a is said to bo a propoi veotoi of R with 
pioper value c if 

Ra C(/ 


This veotoi equation is equivalent to the following n 
scalar equations 


i 


0 = 12 


n) 


ffrhioh will be compatible if and only if c la a loot ol tho 
dotorminantal equation 


A(o) H 


^21 


C 


^18 

^98 ^ ^ 


ri 


EC=1 0 


^3 




1 
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The roots of this equation say are the 

propel values of R and if c is given any one of these 
values say the pieoeding n equations can be solved 
foi the ratios ci which specify the direction 

of the associated piopei vector pj 
The following theorem is of fundamental impoitance 
foi symmetiic operators The neoessaiy and sufficient 
condition that the proper values of S should be real 
and that the proper veotois of S should be mutually 
oHhogoml is that 8 should be aymmetiio 
liot S have the proper values 3^ and let 

o-g a be the corresponding unit pioper vectors 

Then {cr^ crj = 0 if ^ 

= 1 if^ = ft 

To prove the necessity of the condition let any vector 
a be expressed m the foim 
a =s Scfif 

then Sa = 

and (a Sa) = 

which ifi leal Hence by definition S is symmetric 
To show that the condition is sufficient we note that 
if S IS symmebno then 

cr,) — (<rj. Sa,) == (Sa^ (t,) 

Henoo if i- = j »} = Sf* i © « letil if fc + 7 

(«*, — (T,) = 0 1 e ((Tj. or,) = 0 

and o-^ CT) aio orthogonal (unloss 8^, = Sj) 

Examples — 

(1) If aj cTj aie pioper veotoia of S oorre 

spondmg to an m times repeated loot s of 
A(o) = 0 show that the veotors tj 
defined by the reomrenoe relations 

Tl = <^1 Tj = CTj — ©») 

n n = <^1+1 “ ^ ‘^*•+ 1 ) 

J-1 


(fc=2 3 


m~l) 
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aio mutually oithogonal piopor veokus of S 
for the same pioper value a (This completes 
the pieoediiig tlieorom ) 

(2) Tf^ IS a positive mtegoi t =; 1 2 ^ + 1 and 

= i(^ ^ 1)^2^ — fc + 2)4' ; 

all the othei matrix oloments of S being zeio 
tlie piopoi values of S mo 

-J + 1 -JI + 2 j 

Veiiiy foi ^ = 1 2 3 

[Those aie the matiix olomonts of the mo 
mentum operator aoo P 66 1 

(3) Tho baio fact of the existonoe ox pioper vootoia 

and propel values onablos us to give a shoit 
and simplo pioof of tho followmg theoiom duo 
to J v Neumann — 

If the aymmelno operator E can be expressed 
as ilie aim of two non negoiwe opeiatois A md 
B when and only when A oE B = (1 — o)R 
then E w a numerical mvihple of a piojective 
operator 

(Let /? be a umt propel voofcoi of R with 
pioper value r Then r > 0 Doflno A B 
ancl <T by tho equations 

= iplp (j)) — Af> 

G ^ (fy — pip <ff) { ip (t) ^ 0) 

Then 

((fy A<fy) > 0 and (^ E^) = (a Etr) + (<fy A^) 

Henoe B^) = (a Ea) >0 i o A and B 
are non negative Therefoie by hypothesis 
A =: oE but r^^A is projootive oto ] 

The Oanonioal Form ol a Symmetrio Linear Operator 

— Any symmetno Imear operator E can bo expiessed in 
a very simple form by means of the spectral set of pio 
jeotive operate ! 9 Ej Ej E^ ooriespondmg to 
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IS 

ilio propel veoLoia of R P oanomoal 

expiosflion foi R is 

R = t 1 2R,2 -f* 4 R 

the 7^ 0 being the proper values of R 

To establidi this lesult denote the nght hand side of 
the lost eq_uatiou by T Smoe 

— 0 if ^ fc 01 pf^j^j =1 Jc 

it follows that 

Tp» =‘UPk = Rpi 
Hence if a is any vector 

Ta = STpyipi a) = i?Rpi(p* ») 

= Ra 

1 0 T Ifl identical with R 
It now follows at once that 

R^ = and /(R) = ^(r,)R^ 

whero k is any positive integer andffR) any polynomial 
m R Also if none of the proper values oi R are equal 
to zero we can define the leoiprooal of R which is 
mitten as R“^ and any negative integral power of R 
"by the equations 

R-^ = i;?r% A = 1 2 

i 

It is oloai that 

R-i R ^ I ^ R R-i etc 

BO that the definition and notation are justifled It 
will bo noted that piO]eotive operators have no re 
oiprooal 

Furfcheimoro if f{'i) is a senes of powers of oc which is 
oonvergent for all values of a /(R) can be defined by 
the equation 

/(R) = Sm-R, 
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To justify this equation denote the sum of 

first h terms of/(iJ.) Then 

f{x) — fi{x) ^ 0 as ^ 00 

and if a IS any veotoi 

/(R)« ^ A(B)^ - E[f(u) 

->• 0 as 1 00 

In particular 

2 eTp = exp (cB) 

— I 4“ cB 4' c B |2 I 4* 

+ 1 4 - 

Umtary Operators— If {</,} and {jSy} aie two vooioi 
bases the opeiator U wlnoh transioims any vootoi of 
one baaifl ay into the ooiioapondmg vector of the otliui 
basis jSy 18 oalled a imitaiy opeiatoi In symbols 

/3y ^ Uay 

whence if ^ la any veotoi 

XJ^ = T}Sc(,j(oif (fi) ~ (f>) 

Every unitary operator U has a leoiprooal doflnotl 
by the equations 

ay = V-% <!>) 

whence tJ^^U UU-^ An explicit oxpiossion foi 

U 18 given in example 4 of page 12 
It follows fiom the pieoeding exprossioiis foi V<ff 
and that U^) and {<f> U“^^) aie oonjugato 

complex numbers so that m geneiol U is not a sym 
metiio operatoi To disouss the proper values and 
pioper vectors of U lot 

= Oiff and = 1 

Then ?= o'^i/r 

and U^) ==? c {ip =i 
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Henoe c and aie conjugate oomplox numbeig i e 
the propoi values of TJ aio complex numbois with 
modulus unity of the form exp >s?here 6 is real 
Again sinoe tjj) it loUowa that 

(Ui/f U-^) (fi)ifik W(o' <l>) 

= «/)(<)'/ <(>) = ip <P) 

Honce if cr and t are any two vectors 
(XJ-icr r) - (a Ur) 

In partiGular li a and t aie pioper vectors of U with 
piopoi values a and i (a“^)*(a r) — r) Henoe 
o- and T are orthogonal unlesa 8 t 

If two or mor^roper values of U are equal we can use 
the method of Example 1 page 13 to oonsfciuot a set 
of proper Veotois which shall be mutually orthogonal 
Henoe m any case it is true that U possesses n mutually 
oithogonal propei vectors ^ If the 

coirespondmg projective opeiators aie Hj 
H it can be pioved as for a symmetiio operatoi that 
U can be expi eased in the oanomoal form 

U = exp (t^i) 

Honoo if H denotes the symmotno operatoi 
H = 

U can also bo expressed in the form U — exp (iH) 
Cfroups of Unitary Operators — ^The set of unitary 
opeiators {U(s)) defined by the equation 

U(6) = 2 exp {%89f)B.^ (— 00 < 5 < + co) 

IB called a gioup because it satisfies the following 
two conditions (a) if U(5) belongs to the sot so also 
does U(- 8) and V(a) V(- a)^! {b) if V(s^) and 

2 
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[J(5a) bolong to fcho sot. so also cloos U('?i | 8^) 
U(5 i)U(52 ) + ^a) Suoh gioupfl of iinitaiy o])t t 

ators aro of gioat impoifcanoo in tlio phyaioal lUtoiy 
developed latoi in GhapLoi III 
Let {a^} denote somo fixed vootoi basis and let 
a^(5) = U(5)a^ The initial lato of ohango ot cfjiJ*} 
with iGspoot to the paiamoloi a say a/ is oloaily 

lim — (yj 


and Binoo XJ{a) oan bo oxpioesod in tlio form 

U(fi) = I + wH h MI)V2 I + + + 

it follows that (yy = illarf For this loason the oiioiator 
H IS called the infinitesimal opoiator of the ulouI^ 
{U(^)} 

So far we have studied only tlio tiansfoimaLion of 
vectors by unitary operators It Is now nooossaiy ( o 
study the tiansfoimation of opoiators An opoialoi jiV 
oan be spooifled by its matiix olomonts Aocjl) 

relative to the fixed basis {a^} The operator B whlol i 
oorresponds to A in the vootoi basis {/S^} la doflnod V 
the equations 

iPi = (a/ 

Henoe if j3 = Uaj it follows that 

(ft B/3 i) = (U-% AU-iflJ = (/3, VAV-%) 

1 e B = UAU-i 


Similarly if A(«) m the basis 
A m the fixed basis {y,} then 


(a^J)} oonospoiiclfl 


to 


or 


A(s) = U(s)AU(- a) 
U(s)A(s) = U(s)A 


The imtaal rate of change of A( 5 ) with rospeot to « mv' 
A 18 defined by the equation 

A = hm s-'i[A(s) — AT 
“+■0 
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aufl li easily followB that 

A = 4HA - AH) 

wJiero H la Gho niflmtosimal opoiatoi of U 
Exajiplfs — 

(1) If roa Ua) (a a) for all vootoia a piove that 

U la umtaiy 

(2) If S IS a symmotno operator piovo that 

U = c(S - tI)(S + 

IB unitary (c”^ = c*) and if U is unitary 
prove that 

S e i(cl + U)(cl - U)-i 

IS symmetiio 

(3) If {cj} la a basis and 

(j — 1 2 w — 1) Ue = €i 

piove that U is umtaiy and find its proper 
values and veotois Oonsbiuot the matiioos 
foi U U and prove that U =: I 

(4) Show that the matiix 

I oofl ^0 — sm sO 11 
I Bin sO oos 8$ I 

spooiiea a gioup of umtaiy operatois {U(fi)} 
and find the infimtesimal operatoi oi this gioup 
[It 18 the opeiatoi J of p 2] 

(6) A tliiee dimensional lepresentation of the angulai 
momentum opeiators M My M of page 40 is 
piovidod by the matnoes 



0 

0 

0 


0 

0 

-^1 


0 

+1 

0 

%h 

0 

0 

+1 


0 

0 

0 

%h 

-1 

0 

0 


0 


0 


+ 1 

0 

0 


0 

0 

0 


Eind the propei values and propei vectors of 
M and detemune the umtaiy operatoi U 
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wlucli imn^forms Iho pivcn basis into theB& 
proper rectors Express M and in torms 
of Ihu new b^s 

TtM QbArtctsrisUc ol an Operator — Tlie char 

arUntUc or trace of an operator ll is defined to 
bo the aam of its proper \aluts + r, + + 

and u dtttoted b> the symbol x(R) Since the prop0i* 
WPP tb<^ roots of the detonninantal equation 
A{c\ (p 12) It follows that 

1 + r 

i> tbU tbA cbwactemtic of R w the sum of the diagonal 
of the matnx representmg R 
How tbe Tttluw of the matnx elements of R whioh 
arp givrn by the formula 

^jk 

obrtimjy depend upon the basj fj e, c If 

<,^4^ « IS another bads obtained Aom tiTo 

orijficul Hmt by the omUry transformation 

if T Uf| (j •*= 1 2 n) 

the iMtru Clemente of K in the new basis will be 

r ^ l(c ) =* (Uc/ RUcf) = (ij U-^RUffc) 

to to the matnx elements of U-^RU in the 

(MpeaU Henoe if are the matnx elomenta of 

U ^ the Ottei0d baas, then 

i; ujr 

dfam tbe dbUBoierictie of an operator has been 
dMbiHt Bi trrmft of ita intmao properttes it foUowa 
ibaf la farrarauii for any unitary transformation U i e 

jrfR) - jc(u 
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Examples — 

(1) Piovo that x(AB) = x(^^) oi)6rators 

A and B 

(2) Show that x(U) and x(U”^) conjugate complex 

numbeia for a unitary opeiatoi IJ 

(3) If the N operatois Pi — I Pa Ph ^ovm a 

group prove that 

Nx(P,)I = 

(A gioup of opeiatoi 8 is defined by the conch bions 
that lb oontaina (a) the idontioal operatoi (b) the inveiso 
of any opeiatoi (c) the pioduot of any two opoiators ) 
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THii LAWS OF MEASUREMENT IN AlOMK 
PHYSICS 

Tub foundations of the quantum fchooiy aio tho lawrt 
of moaamemenfc m atomic phyeioa i e ilio gonoial 
principles of the mtoipretation of expeiimontal obsoiva 
tions made on the ultimate olomonta of tho pliysioal 
woild The suiprismg conclusion to be diawii fiom tJiosc^ 
prmoiples is that the physical ohaiaoteiistios of ilio 
oltunate elements aie appiopiiatoly lopiesontod m 
mathematioal language not by ordinal y numbois but 
by hnea) pperatora of tho type studied in the fliat ohaptoi 

Atomic Phyaics — Maoroaoopio physios and mioio 
soopio physios diffoi ividely m tlieii founal objects 
their methods and concepts Maoiosooino physiOB 
studies the pioperties of gioss mattei m bulk laigo 
enough to be directly observed by the senses Lta 
standards of measurement aio meosiuing lods olookn 
and weights with a direot appeal to hand and oyo 
Its extreme ooouiooy of observation is duo to tho 
poflsibihty of successively subdividing gioss mattoi m 
finer and finer divisions which aie atiU distinguish abb 
hy eye or mioroaoopo Maciophysioal oxpoiiments aiu 
made on individual physical objects and the lOsnlU 
of these expeiiments aio aummaaised in doflmto numoi 
loal values with small and known langes of jiiopoi tionalu 
error 

But miorophysiOB studies tho ultimate or jieniil 
timate elements of mattei — suoh os tho election and 
proton tho atom and molecule In this domain diieot 

32 
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bseivatiou by the senses is neeleas The existence and 
roperties of the ultimate elements are only to be 
TifoLiod indireotly fiom obseivations of moss matfcei 
g by obseivationB of the aotion of individual oleofcronB 
XX oil drops as m Hilhkan s expeiimonts or obsoiva 
Lons of laige aggregates of xnoleoules as m the study of 
xoleoulai rays The outstanding mfeienoe to be diawn 
oxn 8Uoh obaeivatious is the existenoo of certain natural 
xclivieible umta — ^tho various material iimts of mass 
uLoli as tho election and pioton the electrical unit of 
IxEtige e and the dynamical units related to Planck a 
nLxt of action h It appeals that the emission and 
lx sorption of eneigy Imeai momentum and angulai 
momentum m the foim of light of fiequenoy v and wave 
xnghh A take place m umta of magmtude hv hjX and h 
rx<3. that the eneigy and momentum of stable atomic 
nd molecular struotureB do not vary oontmuously 
txxiy change by disoontmuouB jumps Tins material 
letotrical and dynanuoal atomicity oharacteiistio of 
tiiorophysioB makes the problem of miorophysioal 
Lxoasuiement overwhelmingly diffioult 

The Problem ol MicropWsioal Measurement — ^AU 
o-oasmoment involves the paiodox that the system 
noafitned must be at the same time an isolated whole 
litlcI a paib mteioctmg with other parts Measiuement 
s impossible imless the aystem acts upon the appoiatua 
>f observation and the measuiementB aie meaningless 
mloBs the system letains its identity and oharao tens tics 
Clxe notion of tho system on the apparatus is always 
ijooorapamed by a reaction of the appaiatus on the 
jysfcom which thereby sufiois some onango of state 
Lxx TTi nnrnphyaiQs the interaction of tho system and tho 
vjxpnratua can always be made negligibly small but in 
morophysios the atomicity of energy momentum and 
xobion places a natural lower limit on the magmtude of 
this interaction — and a limit which is of the same oidoi 
xf magnitude as tho quantities to be measuied Hence 
ixxioiophysioal expeiimenta may produce large and non 
ixogligiblo changes m the systems measured 
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Under Buoh ououmatances the most satisfaotoiy type 
of measurement which eon be made is one which leaves 
unchanged that ohaioofceiistio whioli it is demguod to 
measure although it may peihapa pioduce changes m 
other ohaiaoteriatioa Thus the velocity of a stieam of 
elections can be measiued by opposmg to its motion a 
potential bainei or by deflecting it by a magnetic field 
The fiist method dostioys the velocity wluoh is measiiiod 
but the second method pioseivea the velocity unchanged 
altliougli it mav alfcei othei ohoiaoteiistioa such as the 
oiiontation of the magnetic axes of tlie elections Only 
moaauiomonta of the second kind aie loally entitled to 
be called observations in mioiophyaioa and hence 
foiwaid this word will be used m this special sense 

The Law ol Simple Observation — An observation of 
a ohaiaeterjstio of a system is thoiefoie a moamiiomont 
of this ohaiaoteiisfcio which produces no change m its 
value Such a deflmtion needs to be completed by tlio 
specification of an oxpoiimental teat to deoido which 
moasiirementB are observations withm the moaning 
of the deflmtion Obviously this ontenon foi an ob 
aervation is that its immediate lepetition sliall yield 
ogam the same lesult as the first expeiimont 

In developmg this ontenon it must be homo m mmd 
that raiorophysioal expeimients are made upon laige 
assemblies of systems m which the magmtude of the 
oharaotenstio to bo measuied may be oontmuoiisly dis 
tiibuted over a wide lange or may be confined to oortoin 
discrete values Thus the kmetio enoigies of silvoi atoms 
(m the normal state) emergmg fiom a fuinaoo may have 
any value but then veTooities will not exceed the 
velocity of light and then ma^etio moments will bo 
± 1 Bohr mameton A ffenerai theory must toko into 
account all these possibuities In dealing with any 
vanable y it is accordingly necessary not to prejudioo 
the ^juestion by speakmg of an obsexvation that y has 
the value a for if the possible values of aie distiibuted 
disoietely a may not be one of thorn and even if the 
possible values are oontmuously distiibuted only an 
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inflniteBimal (le unobBervable) proportaon of syafcema 
could have a value of y exactly eq^ual to a 
Aooordiogly the simplest goneitvL type of obseivation 
13 that the value of a variable y lies vithan a oertam 
lange y^<y < where the a are arbitrary con 
Vement numbeia ranging fiom — oo to + oo Such an 
observation will be oaUSd a simple obseivation and 
will be denoted by the symbol Y„ 

The symbol lepreaenta tho physical process of ob 
Boivmg that y <,y < for certain systems in a 
given assembly This impuea that the piooesa can dis 
eliminate between syatema for which y lies m difPeient 
langea yi<y <yu\ < y < 2/jfe+i and this m 

turn imphea that the piooeas produces a leal oi vntual 
aeparation of the systems so oharaoteiised If a denotes 
the given assembly and the set of systems foi which 
Vn < ffn+i physical prooess of separation is con 
veniently represent^ by the symboho equation 

The condition that tho piooess should be a simple 
obseivation is then lepiesented by the equation 

Y ^ =5n 

10 Y Y^a = Y„<y 

fpr any given assembly a Smee the symbol a is oleaily 
irielevant the last equation may be written 

Y„T„ = Y„ or Y„« = Y (1) 

10 Y^ is an idempotent operatoi This equation sym 
bohses the law of simple observation 
The Laws ol Complex Observation —The whole pio 
cess of measuring the vaiiable y foi a given assembly 
a loqunes the determmatioii of the systems for which y 
lies in each of tho ranges 

Vn <V < yn+i 

The oonesponding physical process will he called a 
complex observation * It is represented by the set of 
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opeiatoasYi Yg Y which apphod to tho given 
mixed oj^aembly a yield fcho puio oeaomblies 

Vi V2 V 

This piocefls of Hepaiaiion must saimfy ilio two 
obvious conditions of ^ oxoliisivoiioss and CiOmploLo 
ness 

I?Uflt tho simplo obaeivation lopiosontod by Yf, 
separates out systoraa foi which i/i <J/ <^^11 Honoo 
if this obseivation is applied to tlio assonibly 7;^ foi 
which yy ^ 1 / <y in systems will bo sopaiatod fioni 77/ 
in the way in wmoh tho pioooss Y; usually sopaialow 
systems This piopeity of tho Y s is aymbolisod by Uio 
equation 

10 YtYjoc^o 01 Y^Yy-O ( 2 ) 

wheie 0 is the mil opeiatoi wluoh sopaiatos no 
systems fiom any given assembly 
Seoondly eveiy system in the given mixocl assomblv 
a must pass mto one of tho pure assombUes rh 
ri wluoh are sopaiatod ftom a by tho set ol siinplp 
obseivationa which togethei make up tho ooinploY 
obseivation Tins pioperty of tho Y,^ s may bo syniborisotl 
by the equation 

Zj] = (X 
n 

1 0 SY^ix, ^ cf 

or i?Y (J) 

whore I is the identical opeiatoi wluoh sopaiafcoa aU 
the systems from any given assembly 
Equations (2) and (3) symbollso the laws of oomplox 
observation 

Compatible and Incompatible Observations ~ In 

general an observation which is designed to moosiuo 
the distribution of the values of a vaiiablo y in a given 
assembly will produce changes in the disOiibution ol 
the values of anothoi variable ^ but in exceptional 
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oases it may happen that no suoli mterfeienoe takes 
place In the first oaee the vaiiable y and z aie said to 
be incompatible and in the second case they aie 
said to be compatible the same adjectives being 
apphed to the ooirespondmg observations These 
doflnitions oan bo expiessed symbolically m teims of 
tlio symbols reproaentmg simple obsexvations of y 
and z 

As befoie let ropioaeni the simple obseivation 
wluoh eepaiatea systems foi which Vj < Diw and 
lot lopresent the simple obaeivabion which sepaiates 
systems for which It the variables y 

and z are compatible the compound observations Y^Z; 
01 Z^^Y^ consisting of Zj^ followed by Y^^ oi vxce versa 
will both yield an assembly for winch < y < i 
and <z < i o 

Y,Z, = Z,Y, 

But if the vanables aie moompatible the second ob 
fioivation wiU disturb the ohaiaotenstio selected by the 
fiist obsoivation and under those onoumstanoes 

Y,Z, + Z,Y, 

The maximum of information logaidiug a given 
aasembly wiU oleaily be obtamed by employmg the 
maximum numboi of compatible observations Foi 
the puie ossembhes separated by this means the values 
of tho maximum numbei of vanables will be known to 
fall within definite langes It wiU then be impossible 
to obtam mfoimation about tho values of any obhei 
vanables as tho attempt to do so would pi oduoo changes 
m tho values of the vanables aheody measuiod Tho 

E uro assembly ( doss romo Fall (Weyl) die emhoit 
olie Qesamthoit (v Neumann)) piepaiod by tho opoia 
tion of a maximum numbei of simple obseivations has 
tlioiefoie the gieatest definiteness which oan be expeofcod 
m mioiopliysioB The values oi lathoi tho lauges 
of the vanables whioh define such an assembly specify 
the ataie of tho systems in tho assembly Tho state of 
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an aasembly is also dotoimined by the set of oompatible 
simple obseivatioita W, — by wluoh xt has 

separated The oomplote obseivation is lepiesented by 
the opoiatoi 

P - - Z,Y,Wi 

whioh obviously eatieflos tho oondition tliat 

(foi P^ - Y^Z^Wj Y;Zj^Wt = Yi^Z^^Wi^ 

=- y,z,w, - P) 

The Lawa ot Transitions — ^Lot a lopiesonfc an aesoinbly 
111 a doflmto stalo foi whioh < 1 / <yi a H <z < 1 1 

oio If i IS not Olio of tho vaiiablos which dofbio llie 
state of & it IS imi^ossiblo to moasuio tho value of / for 
syatams in or as any attempt to do so will pioduoo 
ohangos in tho values o{ y z oto Of com so if the 
assembly a is subjootod to tho simple obseivation 
there will bo sopaiatod an ossombly and foi the 
systems m this assembly i Similaily tho 

assembly a may bo subjooied to a oomplote obsorvation 
Q wluoh yields anothoi assembly /S in a deflmto state 
The obseivation Q will have pxoduoed a numboi ol 
ohanges on tho systems wluoh oomposod tho aBsombly 
a and which now oomposo tho assembly ^ Tiioso 
syatoms have undergone a tiansition from the state of 
the assembly u to tho state of tho assembly p and tho 
simplest assumptions logaichng suoh tiausitions aio 
the followmg — 

1 There is definite piobabihty p that a system m 
the state speeified by a oi by P will pass over into tho 
state spGoifled by j8 oi by Q This piobabihty may bo 
wiitten as p(a oi p(P Q) 

2 Tho probability of a tiansiUon oonnooting tho 

states specified by « and by ^ is independent of the 
direotvyn of the tionsition i e p{(x -y /S) a) 

Without the fit at assumption it would be impossiblo 
to moke any fuithei piogiesa in quantum theory It 
lepiesente the ineduoible minimum lequued foi the 
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mvefltigation ol oauual rolatiouB m mioiopliysios Tt 
ooiiospoudfi to tlio fundamental assumption of maoio 
physios that a oomplete knowledge of the pioseut state 
of a system furmahee sufficient data to deteiminate 
definitely its state at any futuio time oi its response 
to any exLeinal mfluonoe The second assumption 
for which tlieiQ is no diroot evidence is an extension of 
the Pilnoiple of Detailed Balanomg as used m Statistical 
Meohamoa It appears to ooiieapond to the leversi 
bility of piooesaes in raaoiophysios The two ossump 
tions will be taken to be the geneial laws regulating 
tianaitions (Ameiioan switohes ) and jp(a P) will 
be called the transition probabihty fiom state cr to 
state p 

To obtam the symbolioal expression oi these laws 
oonsidei the senes of thiee complete obseivations 
lepieeented by PQP The final result of this tnple 
piooesB will be an assembly in the same state as the 
assembly separated by the single piocesa P Honoo 
a being the initial mixed assembly the assemblies 
PQPa and Pa can diSoi only in the numboi of systems 
which they contain and wo shall theiofoie wiite 
PQPck = ePa 01 PQP = cP 
wheio 0 IS some piopor fiaotion Then by the second 
transition law we ahe^ also have 
QPQ — cQ 

with the same constant o m both ensos This oonaianb 
will latei (p 31) be identified with the tiansitiou 
piobability ^(P ^ Q) = ^(Q P) 

The Representation of States by Vectors— The pie 
coding sections of this oliaptei summaiise the funda 
menial laws of moasuiement m atomic pliysioa In 
this and the suooeedmg seotiona those laws will be used 
to disousB the mathomatioal lepiesentation of simple 
and complex observations and of the vaiiables 
oharooteiismg physical systems 

The mathematioal representation of simple observa 
tions IS suggested by the following result If 'qi r/g 
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aie bliG piuo aasemblieB sopaiaUxl fioni a given 
assembly a m a doflnito state by the complex obsoiva 
tion lepiGsonted by Yi and if pj 

aie the pi ob abilities of a tiansition fiom a to 771 77^, 
respectively thou clearly 

2 h+Pi+ 

foi evoiy system in a must pass into one of the assombhea 
7)2 Now the transition piobabihties 

p2 desoiibe theielationofatOT/i Hence 

tills 1 elation oon bo stated in geomotiioal language by 
saymg that (1) a can bo lepicaentod by a unit veotoi 
(11) 771 7)2 oan be lepiesentod by a sot of oithogonal 
vectors and (lii) the components of a m tlio diiootion of 
7 )i 7)2 ftio numbois % ^i\ch tliat 

2 ) 

This suggests that it should bo possible to lopiesont 
any assembly of systems in a definite state by a vootoi 
Now a veotoi has botli magnitude and diiootion and 
piesumably two vootoi s m the same direction but with 
difteront mogiutudes would zepiesout two ossombhos 
of systems m the same state but oontanung diCoiout 
numbeia of systems Also it is to bo anticipated that 
the diveigenoe in dnoction of two veotois will bo asaooi 
ated with the probability of a tiansition between tho 
oasembhes which they lopiosonb 
In oidei to exammo the possibility of suoh a lopio 
sentation we bogm by agreeing to lopiesoni tho stales 
of the pure assemblies 77^ 77a sepaiatod fiom a 

by Yj Yg by a sot of umt oithogonal vootoi a 

<?! fa the actual aasombhos themsolvoa bouig 

repiesonted by vootois Oitfi Cjc* when Oj 
are 001 tain numbeis Similarly we agiee to lepiosoni 
the given assembly a by some umt veotoi a with com 
ponents ct^ refeiied to tho vootois 

as a basis Wo shall use the same symbols foi vectors 
and for the assembhes which they represent 
So fai our lepresentation is a pine oonvontion Tho 



LAWS or MDASUREMCNT 


31 


piooeBses Yi must bo lepieaenled by opeialoia 

(whioh we shall denote by tho same symbols) auoli thai 

and Y^Y,a ^0 to + ^) 

Henoo Y^ Yg will bo the piojeofcivo opeiaioia (in tlio 
sense of Chap T) associated with tUo xuiit vootors 
€ji Moioovoi wo must liavo 

and = piobability ot tho tiansition lo 

the number of systoma in tho assembly is piopoi 

tional to tho square of tho magnitude of the veotoi 
This must bo tiuo foi oveiy assembly 

We oan now identify tho constant c in the second 
tiansition law 

ABA = cA 

whole A B ropioaonfc simple obsoivationa In oaoh 
process A ^ B and B A tho numboi of syatems is 
leduoed in the latio 1 ^ wlioio ^ is tho tiansition piob 
abihty common to both piooesses Henoo the double 
prooesa A *->■ B B A lodueos the mimbei of systems 
in the latio 1 Honoo if tho oiiginal assembly iB 
represented by that luiit vootor a tho final assembly 
will be lepiesonted by the vooLoi pcc Aoooidiiigly if 
Atj) = OL tlion ABA<^ = p<y whonoe c = 51 10 0 is tho 
tiansition piohahihty ^(A B) 

Now it was shown m Chapter I that if A and B aio 
piojeotivo opoiators tho constant c doflnod as abovo is 
simply I (a p)|® wheio cc and aie tho umt veotoi s oaso 
oiat^ with A and B Honoo wo have shown that as 
a oonsequonoo of the laws of moasuiomonb m atomic 
physios it la posatble io repieaent th& stales of ayaiems by 
unit vectors oc m auch a way that the tra'?mit 09 i 

probabilitiea p((y /3) are equal to the sqiutied modnih of 
the scalar pToduoia |(a j9)|® 

A simple example is riven by Diroo ( The Bnnoiples 
of Quantum Meohanios° § 2) Consider tho aotion of a 
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polariBoopo on a boam of piano polaiised light The 
moidont hglii (wliloh lioio aoiiesponda to the original 
assombly) is sepaiaied mto two oompononts wluoh aie 
polaiiaod at auglea 6 and B jTriadiana with the duootion 
of polaiisation of fclio oiiginal beam and tlio intonaitios 
of this and of bho two emergoiit beams aie m the latio 

1 QOS am W oos ^(0 + ^tt) 

Henoo if tho abate of polaiisation of the moidont beam 
13 ropioBontod by a umt vootoi the states of tho omeigont 
beanie may bo lopiosontod by unit veotors making angles 
B and S ^ with tho Hist veotoi and the tiansition 
piobabditios will bo lopiosentecl by the squaiod ooeino 
of tlie anglo botwoon the appiopiiato vooboia 

The Stem Gerlaoh Bxpenment —In tlio loalm of 
atomic physios itself the most ample and diieob expoii 
mental lUuslialions of tlio laws of moasuioment 
onunoiatod abovo aro denved fiom observations of 
molemdai mys One of the eailiost and most striking 
expeiimonta of this typo is tliat dovised by Stem and 
Qeilaoh for the moasuiomont of tho magnotio momenta 
of metallio atoms The motal is vapoiisod in a fiunaoe 
and the issumg stieam of atoms is so hmitecl bv slits that 
it omeiges as a naiiow ponoil Tins lay ^ of atoms 
passes 001 OSS on inhomogeneous magnotio field and is 
then allowed to impinge on a soieen so os to yield an 
obsoivablo tiaoo 

It ifl dear that bhoso atoms wluoh possess a magnotio 
moment will be deviated fiom tho oiiginal dirootion of 
the ponoil the deviation bomg m the direotion of mag 
notio field and that the amount of this deviation will 
depend upon the oomponent of their magnotio moment 
parallel to the field Henoe the tiaoes on the soreen 
foim a speotrum of the atoms with lefozenoe to tins 
oharaoteiistio It is found that the spootmm Is not 
oontiiiuoua but disoieto and that it consists of a few 

* A bnof aooount of tha Ihooiy a given by ID 0 Btonor 
in Magnetusm p 12 (Methuen a Monograpna on Physical 
Subjeota No 6) 
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faiily alifirp linos oorrospouding to tlio possible values of 
the field oompononfc of the atomio niagnetio momenta 
This la a simple example of the lesolution of a given 
aggregate of atoms into a numb or of puie aggregatos 
m each of whioli the moosuiod oharaoteiistio (the mag 
netio moment) has a doflnito piopoi value 
The oiigmal Stem Qerlaoh oxpoiiment is simply the 
speotial analysis of a given inhomogeneous aggiegate of 
atoms It would be an oxpeiimont of extreme uitoioat 
to lopeat this piooess of speelial analysis on one of the 
pure abrogates sopaiatod out by the fit at oxpe’^ineiifc 
espeoial^ if tlio general duootion of the magnetic field 
weiG made different in the sooond expeiimenfc With 
suoh an aiiangement one could veiify the general laws of 
tiansitions adopted above and the oxohango relations 
obtained m a later chapter A number of such oxpeii 
meats are being made by the Hamburg soliool aiicl the 
results are lu fauly satisfaotoiy agieement with theoiy 
The “Spectrum^’ ol a Vanable — It will be oloai 
fiom the general oonsideiations developed above and 
fiom the particular mstanoo of the Sioin Qoilooh ©xpoii 
ment that a oomploie observation is a spooies of 
spectral analysis m which a given mliomogeneous oggie 
gate a is losolved into a numboi of parts whioh aio 
(relatively) homogeneous with lospoot to some vaiiablo 
y Tho speotiiim of a given assembly a may bo 
piGoisely denned as follows — 

Lot p('r) denote tlio fiaction of tlio total numboi of 
systems m a for which y <x J?hon p{a) is a monotone 
increasing function of x suoh that 0 <p(t) < 1 If 
p(^) 18 disQontmuous when f then f is a point of tho 
diaoiete apeotiiim of a and the disoontmuity p{%) at f 
moasuros tho fi action of sysiejns in a for which 2 / = f 
But since a is a statistical assembly eon taming an 
mflnito numboi of systems foi some langos of values of a 
p(a) may vaiy continuously and possess a doiivativo 
dp(a)/cfaj (a?) If p(ic) is oontfnuous when ^ f 
and p (f) la not zero then f is a point of the continuous 
spootium of (f The remaining points at which p{x) is 
3 
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ooubmuoua but p (ct) i 8 zoio do not form pail of OltB 
spectrum of a 

This suffices to define the speotium of a given assembly 
tf The apeotrum of the vai table y can now be defined to 
be the oompleio set of values of y which moludes the 
speotium of every assembly a Those values which foxm 
part of the oontmuous apeotium of any assembly oompOBo 
the continuous speobium of the variable and tho lemMn 
mg values of tho speotium of y foim the dieoiete speoti u m 

ExAMteiE — 

Show that the number of points in the disci ete spoo 
tium of an assembly 10 (at most) enumerably mflnito 

5 Che number of points at which the amount of tho 
isoontmuity S in p(t) boa in the lango 

< 8 < 

IS not greater than 2 ^ and is therefore finite oto ] 

The Representation of Variables by Lmear Operators 
— The mathematical representation of vaiiables by Imoai 
operatorfl is an immediate apphcation of the rosiilts 
obtamed above relative to the representation of state a by 
vectors 

Let denote the simplo observation (and its lopio 
sentative operator 1 ) whi^ separates systems for whioh 
Ui < a < The s aie projective opeiatoiB and 

they are represented by oertam defimte matnoes lelativo 
toanvsetofumt orthogonal vectors Cj repreaont 

mg the set of pure states determmed by a oeitam 00 m 
plete obsBivation Hence the s regaided as matiicoB 
oan be added together and multiphed by oidmaiy 
numbeis 

Now consider the operator 

A = a^A^ -|- -H 

This 18 a Bjnumetno lmear operator like the s thorn 
selves and has a definite matnx representation lefeiiod 
to any ohosen basis €> It will be shown that 
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1)1 a certain come7itio7ial amse this opeiato) A ^epiesenls 
the. vai xcMt a 

To do this we form the soalai product ((^ A<^) wheio 
tho unit veotoi </> lepiesonts some dohmfce puio state of 
the system oonaidoiod 


Lot 

then 

and 


A^. 
(0 A^) . 


ks* ctjf, 


einoG tho veotoia which lopiosont tho puio states of 
the aggregates sepaiated by tho piocosses aie unit 
oitliogoneJ veotois Now equals tho piobability 
P) of the transition ^ i e it is tho fiaotion of tho 
systems in tho assembly ^ foi which a; < a < 
llonoo if the average oi expootod value of tho vai lable 
a foi tho aggiegate ^ is E^(a) 


thon 


<^4(0) <i?p,a,n 


Honoe (0 A<ji) is approximately equal to E^(a) tho 
absolute oiioi being loss than 


- «*) 


and theiofoio loss than Sp^h =: S wheie S is tho maxi 

mum value of the langos ^ vaiiable a 

has no continuous spootium and if tho values ay aio 
taken to be tho pioiioi values foiming the disoioio 
spootium thon wo have the ooouiate result 

E,y,(a) = A^) 

but if a has a continuous spoctium this losult is only 
approximate Tho enoi involved oan bo mode os small 
as we please by euffloiontly dooioosmg 8 but complete 
accuracy leqiuies a bmiting piocess m which tlio sum 
Epfl^ IS loplaoed by on integral Tina development will 

not be requned m this book 
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The Unlauenefis ot the Representation oi Variables 
by Operators — ^It haa been sho^vn that il the vaiiable 
a has a diaorete speotmm only say at the points 
thon the symmotiio luieai opoiator A = 

lopresenta the vaiiablo a iii the sense that E,j(a) = A^) 

foi any assembly ^ It is easily moved that this lepre 
sentation is unique i e that A is only lineai opoiatoi 
for which this result is univei sally tiue 
Foi if B weiQ another possible repiosentation of a 
then Ei(a) = Bi^) whonoe E0) — 0 foi all (f> R 
being the difterenoe A — B Let ej bo a veotoi 

basis If ^ = €;^ lb follows that tho diagonal matrix 
element is zeio <f> ^ €^f + €jfj^ ifc follows that 

exp {»e) + r„ oxp (- id) = 0 

wJieio 8 ifl the ampbtude {aagiiment) of/y*/j, Honoe by 
puttmg =j 0 01 ^ w© obtain the equations 

’•rt + »w = 0 -«■*/) = 0 

Thorefoie all the matiix elements of R aio zoio i e 
R “ 0 or B = A and tho lepresentation of a as a 
Imeor operator is umque 

The same theorem oan be estabhshed by a sinnlai 
aigument even if a boa a oontmuous speotnim and this 
result will be asBumed in the next section 
The Representation of the Sum or Pioduot ot Two 
Variables — Let x and y be two vanables repzesentod by 
the symmetno Imear operators X and Y oinoe 

E^(a)) = X<^) and (<^ Y^) 

it follows that 

+ !/) = + E*{y) = [X + Y] 

1 e the average value of the sum x y m any state <f> is 
obtained by usmg tho sum of the two operators X + Y 
Henoe aJ + y is represented by the operator X + Y and 
by the theorem of the preceding section this represen 
tation IS unique Similarly if o is any ordinary real 
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number ifc follows that the opeiator lopiesentmg the 
vanable cx is oX The pieoedmg lesult is true whothei 
bhe variables x and y are compatible oi incompatible 
To dotoimino the opeiatoi lepiesonting wo note 
that if aio tlio piopei values of ^ then 

aio the piopoi values of wliile the ooiiespondmg 
piojeotivo opoiatois X^ aio oloaily the aamo as 
foi Ilenoo the opoiatoi lepioaenbing is 

4" "h — X^ 

Similarly the opeiatoi lopiesonirng is X*^ and if /(x) 
is any polynomialin x tlio oonespondmg opeiatoi ifl/(X) 
We shall use the notation ^ X ^ X^ and 
fi'^) ^/(^) ^ oxpiOBB concisely tJie assooiation of a 
variable and its lopieaonlative oporatoi 
It IS now possible to discuss iho lepiosoutation of the 
pioduot xy Smoe 

%j/ = |(^ + y)« - J(a, - y)a 

and (^ ^ y) ^ (X ± Y) 


it. follows by tiho pioooding losiUts ol this socLion that 

'ey 


1 0 


. i(X + Y)« ^ i(X Y)2 
t(XY + YX) 

+ YX) 


In tho paitioulai ooso when x and y aio oompatiblo and 
X and Y oommuto tins leduoos to XY oi YX but m 
goneial the opeiatoi which lepioseuts xy must bo ox 
piOBsod as tho mean of XY and YX 
The Sauare Hoot of an Operator — It only lomains 
to discuss tho lopiosontation of tho squaio loot of ^ 
If we inioipiet as la oustomaiy to moan iho positive 
value of tho square loot of x then the piopoi values of 
are with the same convention Xi^ Henoo 

as in the ease of and x^ 
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The expression on the light hand side is one of tho 
sq^uare roots of X and this particular root wJl be denoted 
m future by X^ (the other roots are obtained by giving 
negative signs to some of the e) 

EXAMPIiHS — 

(1) If X and y are compatible piove that X and Y 

oommute i e XY = YX 

(2) If X and Y are a^metiio prove that X + Y cX 

and i(XY + yX) oie symmetiio 

(3) If ^ t/ X Y Z find the oporatoi lepiesentmg 

xyz 

(4) What vaiiable is lepiosentod by the piojootivo 

operator X;^ ^ 

Wave Funotions — An accurate lepiesentation of 
vaiiables with continuous spectra is ob tamed by a hmit 
mg process which we shall now study m detail 
Let the entire lange of such a vaiiable be divided up 
mto mtervala of eq[ual extent S and lei (y 2 / + 8) bo 
a typical mberval Let the unit vector rj(y) lepiesont an 
assembly for which the vaiiable lies m this lange Tho 
set of vectors rjiy) for all tho antervals clearly foims a 
basis Let a{y) = {r^iy) cf) denote the component 
of a veotoi a m the direction of 7]{y) If is a unit 
vector the probabihty of ogieement of a and T](y) is 
la(y)l^ The component a{y) itself is sometimos do 
scribed as a probabihty amphtude and it is con 
vement to intioduoc here two other concepts tho 
piobabihty density defined as la{y)l^jB and tho 
amphtude density p{y) 1 = a(y)/8* 

On proceeding to the limit the finite interval 8 la 
replaced by the mfiiutesunal interval dy and the disci obo 
set of amplitude densities la replaced by a continuous 
function 0(^) >=« hm a{y)l(iy)^ Tne components of tho 

vector a become the mfimtesimals ^[y){dy)^ and tho 
probabihty density becomes /0(y)/“ The function 
i/r{y) IS called the ^wave function loi the state & foi 
reasons which will appear later (p 01) 
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If ijjaiy) and My) aro tliB wave funotions for the 
states a and /3 the scalar product (/3 a) is transformed 
by passage to the hmit according to the equations 

a) = i:b*{y)a{y) = 2p(,*(y)p«[y)^ 

(y)dy 

tlio integial being taken over the entiio lange of values 
of the vaiiable In partioulai we note that the function 
Mj) 19 normalised i o 

my)rdy = (a a) - 1 

WJion the complete speoifloation of ilie state of an 
assembly loqunos the doteimination of several oom 
muting vaiiablos with oontmuoua speotia such as the 
Cartesian oo ordinates % y z the preceding thooiy 
roqunos extension The fundamental veotois 7}{% y z) 
now lepiosent the state of systoms foi which the van 
ables he m the mteivals ('b 'u + 8a y y + z -\-hz) 
The amphtude density p(x y z) is now dofln^ as 
^{y) bemg the oompononb of a m 
the duootion of 'n(aj y z) and the wave functions 
ijf(% y z) are the limitmg values of the amplitude don 
sities The soalai product (j3 a) now becomes the 
triple integral ovoi all space 

y z) y z)dxdydz 
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THE EXCHANGE RELATIONS AND IHE 
EQUATIONS OE MOTION 

Thh laws of measmemeat m atomio phyaioB dovolopod 
in the preoeding chapter aie domiimtod by the faot 
that m general every miorophysioal obBervation pio 
dnoos an unknown and non neghgible ohaoigo m Bomo 
of the oharaoteriBfcios of the system observed Thus a 
measurement of the values of a vaiiable y may pioditoo 
changes m the values of another variable z 
The present ohaptei expieases this prmoiple m a 
pieoise (juantitative foim by means of Heisenberg b 
exchange relations (Vertausohnngsrelationen) and ap 
plies these relations to develop the theoiy of the angular 
momentum operators and ^ obtain the equations of 
motion m quantum meohanios 
The Gteneral Form of the Prmoiple of TTnoertamty — 
A miorophysioal obseivation of the distiibution of 
the values of a variable ^ m an assembly cf allows ub 
to deteimme the average values of y and y® which aio 
denoted by E(y) and E(y*) If the assembly is pure 
with respect to y i e if all the systems m a have tlio 
same value of y then 

B(y») = [E(y)]» 

If the assembly is not pure the deviation of the vaIuo« 
of y from then mean vdue ^ E{y) is measured by 

E(l!/ - m = E(y*) - 2fE(y) + f 
= E(j/*) - f 
<10 
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The squaie root of this expreaaion 

18 colled the root moan square deviation or the 
uncertainty m the vaiiablo y If I is the identical 
operator and Y ib the operator repioaentmg y [Y — yl]“ 
repiesentfl [y — Hence 

= [Y-27ipa) 

As an illustration of the concept of unceitainty 
oonBidei the distiibution of kinetic oneigy omong the 
moloouloa of a gas Aooordmg to Maxwell s distiibution 
law the fraction of the total number of moleculoB of a 
gas at absolute tempeiatuie T which liavo kinetic onoigy 
W lying in the interval W W + dW 

27r(7ritT)-/ exp(-W//tT) WW 
= exp (— ^®) 

I bemg Boltzmanns constant and denoting W/ll 
Hence the average value of W is 

W = B(W) = 47r'i jbrjjoxp (- ^») = gilT 

and the average value of W® is 

B(W“) = oxp (- ^>)a)8£^^ = ^ (jW)* 

Thorefolo the unceitainty in W ib 

AW = [E(W») - W«]^ (3/2)*A3T 

To lotuiii to the mam agreomonb if p and aie two 
moompatiblo vaiiablee it will bo impossiblo to sepaiato 
fiom a given aflsombly ot one whion ib puio ^ with 
lespeot to both p and q An assembly which ib homo 
geneous m p will exhibit a wide dietiibution of values 
of q and vice ve^sa It may of course bo poBBible to 
remove this dispanty and q by preparing on assembly 
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which shall oxUibifc only a small imoortamty in oaoh 
vaiiable Honoe it is a matter of inieiesfc to onquiro 
the lelatiou botwoon the degreoa of imooxbainty m p 
and q foi any asaombly </ 

Tlio answer to this m^iosfcion is given in terms of the 
opoiatoi 0 >= »(PQ — QP) '= [P Q] 

(whoio — 1) Smo6 

(PQcc (y) ^ (Qa P(y) = ((y QPry) 
and (^PQa a) = — ^(PQoc a) — — (cf iQP<y) 
it follows that 

(Ca <y) = (ct C(y) 

so tliat 0 IB symmofciio C will hoio bo called tho 
oommutatoi of P and Q Cloaily it is also tho 
oommutatoi of P + aT Q + 61 whoio a and 6 aio oidm 
aiy loal numboia Tho main piopoily of C loqiiuwl 
hoio is that 

Oa)® < (a PV)(o^ QV) 

To piovo this lot 

(Py Qo^) t *4* 

a and y being oidinaiy loal numbois 

riion J(a Ca) = 4^f(Qa P(y) — (P(f Qot)} 

= 4»{(x - Vi/) - (a. + Vi/)} 

= y < {x* + 2/*)t 

IIoiioo l(cf Oo')* < (Piy Qa) (Qa P<y) 

< (Piy S(/) (Qiy Qa) 

by 'Ex 1 page 1 1 
Thoiofoio 

+(a Ciy)“ < (a P“«)(a Q®«) 

Now (Ap)® = (a [P — i>IJ®a) =3 (a P ‘a) say 

aud (Aj)® = (« fQ — 5tli*«) = (a Q *a) 

Bui 0 la also Iho ooramutatoi of P and Q 

nonoo i(a Oa)® < (a P “a)(« Q »a) 

=> (Ap)*(A 5 )* 

Thoieforo Ap Aj > 0«) •= iE^lO) 
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This inequality dofcerrmnea tlio relation between the 
inoertamties m any two variables^ and gf m teims of the 
aoan value of then oommutatoi C It shows that 
lomogoneity with lospeot to ono vanable say q implies 
in infinite uncoitainty in any inoompatible vaiiablo ^ 

Sxampi;h8 — 

(1) If {(/ a)(/3 /S) = (a J3)(J3 a) piovo that thoro is 

a non vanishing complex numbei o such that 
0 ^ — 0/3 

(2) If the unoortamty in y is zeio for the oasomhly v 

deduce from the equation (& yv)'^ = (y 
that oc 18 a proper vootoi of y 

(3) Plovo that tlieie oannob oxist an osaerahly a such 

that A(i/) 0 foi all vanablos y 

(4-) If Ap Aj = iE(0) for an assembly </ piove that 
P a == loQ oc and i^pjAq ^ \ c \ wheio o is leal 
and not zero 

(6) Show that if A B and 0 aio any thioo opoiaiors 
then [A B] + [B A] 0 and 

[A [B 0]] + [B [0 A]] + [G [A B]] =. 0 

(0) Show that 

[AB 0] == A[B 0] + [A 01 B 
and express [A''^ B] in teims of [A B^ 

The Oonespondence Pnnciple — ^li folloive fiom the 
losults of the lost sootion that the fuithei detailed de 
volopmont of the ihooiy of iinoeitainty icquues ox 
phoit expiesBiona foi the oommutntois C — i(PQ ^ QP) 
These oxpiessions aropiovided by Heisonbeig s exchange 
lelations which will bo obtained m the next eoofcion 

Fiom the standpomt of the physioisl the most aabis 
factoiy method of obtaining iho exchange relations is by 
a frank appeal to the Ooiiospondenoe Pilnoiplo This 
pimoiple IB simply a piovisional hypothosia adopted to 
facilitate the funotioning of the quantum theory pending 
deeper investigations into its internal sti uoturo Broadly 
speaking the hypothesis is that the oharooteristios of 
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iniorophyflioal eyateras are expiesBed by variables of 
a typo similai to those which describe macrophymoal 
systomB 1 0 by a sot of positional oo oidinates together 
with thoir associated momenta Thus foi oxample we 
shall assumo that the ohaiaotoiistios of the eimpleat 
system asinglo Btiiioturolos a particle aio three Oaitosi an 

00 oidmatos % y z and the thioe ooi responding com 
pononts of momontum ^ q ? This assumption is very 
simple and plausible but it definitely tiansoonds oui 
ompuioal knowledge and it is mdopondont of the gen 

01 al laws of mioiophysieal moasuiemeni formulated m 
Chaptoi It 

The opeiatois ooireaponcling to the vaiiables (a; jj 
y q z r) will bo denoted by (X P Y Q Z K) 
wiitmg them in conjugate pairs and our pioblem 
18 to evaliiato the oonimiitatoi of ©very pair of tlieae 
opeiators 

The Principle o! Symmetry— In doteimimng the 
oomrautatoifl wo shall bo guided by the principle of 
symmoiiy viz that lotations of the Oaitesian fiame of 
lofoienoo will leave tho commutators unaltciod Poi 
oxample the tiansfoimation 

y^z z —y 

q->i 1 — q 

shows that 

[X Y\^\X Z] 

[P Y] - tP Z] 

[Q XJ [R X] 

By moans of Buitablo tianafoimations we can now infei 
that 

[X Y] - LX Z] ^ [Y Z] == [Y X] 

But [X Y] -- - [Y X] 
whonoo [X Y] t=i 0 

1 0 any pan of tho positional operatois commute Simi 
larly we oan show that 

[P Q] - 0 
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1 e any pair of iho momentum opeiatois oommute 
Agam we can show that 

[Q Z]^[V Z]-[P Y] 

10 [Q Z] [a Y] 

and similarly [R X] =i [P Z] 

[P Y] - [Q X] 

Wo also nolo that 

[P X] = [Q Y] - [R Z1 
We now employ the tiansformation 

CL y-^y oos 6 — zski, 9 z->y sin 0 z oob 0 
whenoQ 

[Q Z] = fQ ooa 0 — R sm 0 Y Bin 0 Z oos 0] 

{[Q Y] — [R Z]} oos d Bin 0 + 

[Q Z]oo8«0~ [R YlsmaO 

10 [Q Z] sm“ 0 = — [R Y] sin^ 6 

But we have shown that 

[Q Z] - [R Y] 

Theioforo [Q Z] = 0 

and sunilaily the oommutatois of oaoh pair of non 
conjugate opeiatorB is zoio 

Henoo tuo only oommutatois w'hioh have not boon 
proved to vanish are 

[P X] ^ [Q Y] « [R Z] ^ K say 

Now if A B 0 oio any three opeiatois and A oom 
mutes with B and with 0 it will also commuio with 
[B 0] Henoo [P X] oommutos with Q R Y Z 
and fQ Y] oommutos with R P Z X Henoo the 
commutator K oommutos with all of the six opoiators 
X P Y Q Z R 

The Bxoheuge Relations — ^lluoo possibilities now 

aiiBO 

1 K IS the nul operatoi Then eveiy pan of operators 
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oouamuto and llioio js no mcomimtilnlity oi unoeitanity 
1 6 mioiophysios is idontioal with maoiophysioa 

2 K IB a numonoal multiple of the idonkoal operatoi 
10 K ^ /i-I Cloaily h must bo a loal number since K 
18 a symmotiioal opoiatoi This yields Heisonborga 
oxohango lolations 

3 K 18 noiihei the nul opoiatoi 0 noi a numerical 
raiiliiplo of tlio identical opeiatoi I In this case suioo 
IC oommutoa 'with ovoiy opeiator viz the positional 
and momentum opoiatoi s and every oombmatiou 
of these it oau still be logardod as an oidinary 
niimboi K but tho numoiioal value of K will bo mdotor 
minablo Ilonoo tho opoiafcional ohaiaotor of K will 
luLoifoio with tho dotoimination. of the piopei valuos 
of oporatoia lopiosenting piosoiibed funotionfl of the 
00 oidmates and raomonta and it will mako it impossiblo 
to dotoirmno avoiago values absolutely (lo only ratios 
fiom which IC has boon cancelled will be oaloulable) 

Wo shall adopt the second of those possibihties and 
looognlsiiig tliat K has tho dimensions of action (i o the 
dimensions of onoigy x time or of angulai momentum) 
wo sliall bo prepaied to identify h with a numoiioal 
multlplo of Planck s constant The oxinossions for tho 
oommutatois may now bo oollootetl os 

tX Y] - 0 [P Q] - 0 

[p Y] 0 [X Q] ^ 0 
fP X] = M 

Thoso aio Hoisonboig s exchange lolations 
Exampms ~ 

(1) Calculate Ap Ax foi a pair of conjugate vauablos 

(2) Show by mathematical induction that 

[P 

and [P^ X] 
if 71 18 a positive integer 

(3) Show that if /(a) is a polynomial and J(x) “^/(X) 

f (X) etc then 

[P /(X)l - M (X) 
im X] - Jif (P) 


and 
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(1) Deduce from Ileisenberg 8 oxoliange lolationa that 
P and X oannot both have a matnx ropreaenfca 
txon m a space with a flmto oi even an enumer 
ably infliuio nximboi of dunensiona [Porm the 
matiix elomonis of [P X] taking as basis the 
proper vooiors of P oi X ] 

The Wave Operators — A diioot diaouaaion of the 
matrix lepiesontation of a pan of ooniugato opoiatois 
such as P and X pieBonts many diflioulties whioh may 
howeyoi bo evaded by a piolimmaiy study of the group 
of unitaiy opeiatois U(a) = exp {\a Vjh) 

It follows fiom Example 2 of tlio last seotioii that 
[U(a) X] = taU(a) 

1 0 U(^t)X = (X + a)V(a) 

Take as a basis tho vootoia fa wlieio is the 
vcotoi loi the state m which «8 < a < (i + 1)8 Then 
X IS lopiesentod by a diagonal matrix 1 0 = 0 

imloBs 3 = h* Tho ftth diagonal olomont Xjn , ib oloaily 
kd On -wilting a = db 8 -wo find that 

0,*{8) *8 = 0+ 1)S U,,(8) 
and Urt(-8) *8 = 0- 1)8 8) 

Ilonoo 'Ujfc(8) = 0 imloBB ft = j H 1 and U,fc(— 8) = 0 
unless fc = j “ 1 Now 

U(8) D(-8)«l 

Theiefoio #,i{S) XJ^,i 8) = 1 

ButU^i(8) and — 8) aio oonjugato complex numbeia 
(see p 17) Thoiofoio the inatiix elomoniB of 0(8) 
Ui i+i (8) are oomplox uumbora of modulus unity of 
tho loim exp whoio 0^ is real 
Now lot UB oonatruot a sot of leal numboia Cj 
suoli that Cjyi — Of ^ Of and doflno a now vootoi haaia 
f a by tho equations 

fn = oxp (Wk) 

Thon 0j ,u(8) = (^, U(S)f^,i) 

= oxpt(o,Hi-c,) {Cj U(8)f,,i) 

• Honoofoiwoid iL will bo oonvonionl to wnlo thoj fcmaUix 
olomgni of X oa Xjj^ 
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Ileuoe tho non zeio inatiix elements of U(S} lefeired 
to tho new basis aie all equal to unity Now the veotors 
of the new basis lej^osent tho same states as the vootoifl 
of tlie old basis Honoe it follows that we oan form a 
lopioseutation in whioh X is lepiesontod by tbe dia 
gonal matux 

1 

2 

3 

and U(8) by the matrix 

1 

1 

1 

1 

(the dots lopioseniing tho zoio elomonta) 

Now =1 f and U(- 8)f* = f iHi Henoe 

^/i A components of any vector ^ lefeiTod 

to the new basis fa f oomponenta of 
U(8)^ai0/, /a (forA = (^* 9^) and t = (fi U(8)^)) 
It follows by mduotion that tlio Atn component of 
U(7 i 8)^ 18 A m Now lot us fix nS equal to a and ftS equal 
to v and proceed to the limi t 8 -> 0 as on page 38 Smoo 
f] -> it follows that 

Ufa)^{D) = + a) 

1 0 oxp (»aP/7*)^(a) = + a) 

Now 

exp {iaP/h)ipi^) = {1 + i7 (utFlh)”jn 

n-1 

and + (i) =s {1 + S{a”ln l)(5/a'0)'’}f(®) 

Theiefore =* 

1 0 P IB equivalent to the differential operator 
{hfi)Cbfb%) 
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Also Binoe li followB tlial 

X0(i) = 'iJA('t) 

so that tho opeiaioi X 13 oquivaloiifc to multiphoaiion 
by ^ 

Tlio lepioseniation of tho aoUon of V and X on wavo 
functions by tho wave opoiatois and a 

IS due to Solubdnigei and forms the basis of Ins Wave 
Meohamos which is a powoiful mntlieniatioal weapon 
foi calculating tho inopci values and matiix elomonts 
ot opoiatois 

Examples — 

( 1 ) Veiify diiootly that Soluodiiigei s wave opoiatois 

satisfy Hoisenboig s exchange 1 elation 

( 2 ) If V(a) - exp («tP/A) V( 6 ) == oxp (t 6 X/ 6 ) and 

7 ] IS any vector piovo that tho voolois U(a)V( 6)77 
and V( 6 )U(a )-)7 lopieBont the same state 

( 3 ) If Ap Ax has its minimum value £01 a pan 

of conjugate vaiiablos p and x piovo that tho 
wave function 0 (^) of tho ooiiespondmg state 
satisfies the equation 

= tc(x - 

wlioro 0 IS loal 
tionoo deduce that 
j/r == a oxp {— Jc(a — + iphjh) 

whole 

I a I (c/ttA)* 

The Angular Momentum Operators — Tho application 
of quantum theory to probloma of atomic and molooulai 
stiuotuio is dominated by tlio thooxy of the angulai 
momentum opeiators If pj^ p^ aio the oomponontfl 
of hnoar momontum of a HtiuotuLolosa paiUole at tho 
point which Gaitosian 00 ordinates ag the com 

ponoiits of angulai momentum about tho oiigin aio 

mi 3/4^3 — XqP^ 

Wa -- '^iP^ “ x^Pi 


4 
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The oouoaponding opoialora deteimmod by the lule of 
page 36 and by the oxobonge relations are 

Ml = i(X,P8 + PaX,) - i(XaPa + P^Xa) 

= 

M, - XaPi - X1P3 and M3 = X^P, ^ 

To obtain Sohiodmgei s representation of th.es o 
opoiatoiQ as wave opoiatois we mtioduoe the apheiioa.1 
polax 00 oidinatos 9 0 defined by the eq^uations 

= i am 0 00s ^ 

Ug = 1 8in 0 sin <f} 

^3 = r 00s 0 

Then Ma^O & <f>) = = J 

The oxpiessiona foi and aio given below m Example 
1 they aio much loss important than the expression. foJ. 
7?i3 which is espeoially significant beoause it shows thett 
<f) and aio a oonjugato pan of vaaiables 
It follows that if 

W^(a) exp {taMfjh) 

then W3(a) ^(r 9 <f>) ^ 0 (f) + a) 

Honco if the wavo fanotion is expressed m Carieeiaii 

00 ordinates 

W^(a) y z) 

— W(a) \ft{r sin ^ oos 1 sm fl oos ^ r 00a 6) 

== 0 (? sill 6 00s 0-t-<y rsin0Bin0 + a ? ooa O) 
= oofl a — ag sm a cos a + 

1 0 the opoiaior W8(fl) rotates the point (aj ^fl) aboiit 
the z axis through an angle a 

Bxampltjs — 

(1) Show that 

Ml sm 0 ^ — 00s 0 cot 

Ma - sm ^ cot 6 —^ 
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and 

M." + — ‘'{iCT "a) + 5 ^ 

(2) Show that 

Xi Ml + =. MiXi + MaXa + MgXg-O 

and 

PiMi d- PaMa + PgMs - MiPi + M^Pg + M,P, = 0 

(3) Show that Mj Mg and Mg oaoli oommuto with 

P (whoio P® = ^l® d- ^^ 2 ^ + ^^ 3 ®) 

The Rotational Exchange Relations — TJie iota 

fcional piopoity of iho unitaiy opeiaioi WB(a) allows 
UB to ovaluato in a simple and diioot mauiiei a numboi 
of impoitant oommiitatois namely the oommutabois of 
the angiilai momentum opeiatois and tho opeiatoia 
ropieaonfcmg any soalm oi the components of any veoioi 
Tho oxpiossions foi tlioso oommutaiois which may bo 
called tlie lotational exchange lelatione aio fund a 
mental m tho thcoiy of tho selection and intensity lules 
in atomic spectia developed m Chaptoi IV 
Wo fiist oonaidoi tho tiansfoimation of any soalai 
a(ii ^2 and the oompononts '^o) 
vootoi when the oo oidinatos aio 
subjootod to tho tiansformaiion Oliaptei IV 

= Xi cos a — ^g sin a 
Xg = Xg sin cos a 

Clearly 

a(ai ^,) = 5 (^l y, s!i) 

(I'j. ^2 ^3 } ^i(^i ^a *^o) ^ ^i(^i ^2 *^j) ®^n G 

I'h ) =« sm a + v^i^i ^g 'la) oos a 

^9 ("^1 "^0 ) ^ ^o) 

Henco, 

8 =S 

Vj = Vi ooa a — Vg sm a 
Vg = Vi sm a + Vg oofl a 
Vn =Vg 
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Secondly wo obtain fcho tiansfoimation of any opoi a t <->] 
T when the wave functions aio Bubjeotod to tlio 
foimation 


^ 3 ) = Wa(a) 0 (Ti x^) 

If T booomefl T then tlie wave function T i 

must bo tho tianBfoimation of tlio wavo (uncll<^i 

Ti//(Ti ^^) 10 

T l/r(^l la '^3 ) ^ W8(a)T0(^x ^a ^a) 

01 f WQ(a)^(^J Xa) == Wa(a)T^/f(^l ^2 

wbonoo T W 3 (a) = W8(a)T 

and T — W8(a)TW3(— a) 

If T 18 expanded in powoia of a the leading torjUB ill 
expression aio 

T -- (1 + kiM8/A)T(1 - uOAJh) 

+ (ialh)(U^T - TK;,) 

10 [Mg T]^/ilim(T ^T)/a 

a -»-0 


Finally we compare the expressions for S ^3 

obtamed by those two metliods Expanding 11 iob( 
opeiators m poweis of a wo have 


0 ^ S -- S = (ia/A)(MgS - SMg) 

- Vgtt ^ Vx - Vi - - VxMg) 

Vxa - Vfi - Va = {talhm.Y, - V^Mg) 

0 - V, - Vg = (ie^/A)(MaVa ^ VgMO 


Thoiofoie 

MgS - SMg 0 
MgVi - ViMg - tWa 
MaVa - VaMe == - 
MgVg - VgMg 0 

Two other groups of foui equations each involving W 
and Ma respeotively oon be obtaiuod by oyollo pormuioi 
tion of the suffloes 1 2 and 3 It is imTOrtant to not 
that these relations are valid for any aoalar and for ii’Ji 
veotoi 
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In partioulai we may take the vootoi to be the momen 
turn veotoi itsoK whence 

- MaMa =■ thMi 
MjMi - MiMg - t&M, 

MiMj - MaMi = »AMo 


Examples — 

(1) Deduce the oxpiossiona foi the ooiuinulaloiB 

[Mj Vil flora Iloiaonboig s exchange lolations m 
the eoaes (a) V*, = M*. (5) V, = Xi (o) V* = P? 

(2) Deduce fiom the oo oidmate tiansfoimation 

(p 61) that the opoiaton (»//t) (Mj Me Mj) oan 
bo lepiosentod by the niatiicoa D^ Dj Dg 



-1 


+1 I 

+1 



-1 

-1 

+1 




and honoo voiify the lolalions 
DiDg - DaDj = Di etc 


( 3 ) Show that the matiicos 

I 1 0 

1 0 -1 

satisfy the oq,uations 

SjSa = iSi = — &gSj etc 

IIouoo show tliat {^(Sj Sj Sg) satisfy the ox 
change folations foi the momontura 

veotoi 

The Matrix Representation oI the Angular Momentum 
Operators, Mi Mj, — Sohiodmgoi s loprosontation 

of the opeiator M, in the foim — sliows at onoo 

that if mA IS a piopor value of Mg and if </( is tho wave 
funotion foi the ooriospondmg pioper state then 

« oxp (uMsDhil^ = oxp (lam)!/- 
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But W8(27r) = I wheiloo oxp — 1 i o is a 

positive intogei oi zeio and tlie piopei values of aie 

Tfifh =5= (0 ^ 1 ^ 2 )7ir 

Let us now ondeavoui to oonstiuot a lopiosontation 
of tlie opeiators Mj Mj Mg taking as tho basis iho 
(21 + 1) inopei vootors of Mg with piopoi valiios 

= (0 ^ 1 ^ l)h 

Tho physical Bigntfloanoo of tlio nuinboi I bocomos 
oleaioi if wo oonsidoi tho opoiatoi h 

whioh represents tho squaio of tho losiiltant angulai 
momentum This opeiatoi lopioaonta a soalai and it 
thoiofoio oommutos with each of the opoiatois Mi 
and Mg We oan thoiefoie ohooso oui basis so that 
oaoh of tho basio vootois la also a piopei vector of 
Ml® + Mj® + M,® m eaoh oaso with tho samo piopoi 
value say u Then Mg is lepiosentod by a diagonal 
matiix with diagonal olomentB (—7 — J + 1 

Z — 1 l)h and Ml® + Mjj® + Mg® is lopiosontcd by 
ji times tho umt matiix 

To deteimm© the value of /x m toims of I wo note 
that tho oharsioteiisiios oi tho matiioos lopzosentmg 
Ml® Mg® Mg® are each equal to iZ(Z + 1)(2Z + l)h* 
For Mg® 18 leproaeiitod by a diagonal matiix with 
diagonal olements 

(i® (z- 1)® {i-iy iw 

whence 

x(Mg®)=0+2(l®+2® h +Z®)/t®-iZ(Z+l)(2Z+l)A® 
Also 8inoe 

Wt(iir)MaW|i( — iir) =W(i( + I tt) (XiPj^— X,Pi)Wa( - iir) 

= (-X3 )P,-XA)=Mi 

theiefore 

x(M 3 ») = x(Mx*) 


and 
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LXOnANOti UDLATIONS 
SimUaaly xW)=x(Ma') 

Henoo 

x(Mi« + = l(l + mi + 1)^^ 

Bui Binoo I- Mji® -f- is lopioaonied by ^ iimea 
blie 'uuib mall IX which hag {21 1) lows and columns 

IhoiofoiQ 

x(Mi® + + M/) := p(22 + 1) 

Hoiioe = l)7t® 

1 e the piopoi values of Mi* + aio of the 

foim l{l 4- l)fc® wlioio J iH a positive mfcegei oi zeio 
I IS called iho seiial quantum numbei of the 
pioper slate 

To deioimmo the maliix olomonis of Mi and Mj ib 
18 oonvomont to mtioduoe tho opeiators 

M = Ml + i-M and M « Mi — iM^ 

riion 

MgM -MMs^AM 
M3M -M Mo=. --AM 
and MM = (Mi* + M^* + Ms^) + JiMg - Mg* 

On leplaomg the opoiatois ooouiring m the fiist and 
second equations by then 001 responding matiioos wo 
find that 

mM {m ?i) ~ M {m n)n M (m u) 

?wM {m 7 t) ~ M (m n)n = — M {m n) 

Ilonco M (m ?0 = 0 unless it t=: w — 1 

and M (w it) = 0 unless n ^ irt + 1 

We now find fiom tho thud opoiational equation above 
that 
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Now 8U100 and Mj aie symmetiio opoiatois 

M (m n] — Mi(j« n) + tMj(m n) 

== m) + iM/(n m) ^ [M {n 7n)]* 

Thoiefore M (m m — 1 ) and M (m — 1 m) aie con 
jugaio oomplex numbers Henoe we may write 

M (w w “ 1 ) ~ €{m)(l + m)^{l — m + l)*Zh 
M (m — 1 w) = €*(m)(Z + m)*(Z — m + 1 )^A 

whole c(w) 18 a oomplox niimboi of modulus U111I3 
Finally as in tlio seotion on Bolirodmgei s wave opoi 
atora (p 47 ) wo can ohango the buBie in such a way thal 
€(m) lieoomea oqual to umfcy the lepieaontations of 
Mg and bomg unolxangod Thon 

will also be unity and in the new basis 

M (m w — 1) = (J + — m + 1)*/^ M (wi — 1 m) 

Examples — 

(1) Prove duootly fiom the lolationa 

MgMg “ MgMg %hMi oto 

that Ml* + Mg* + Mg* commutes with M3 

(2) Oonstiuot exphoitly the matiix representation of 

Ml Mg ana Mg in the oases 1^0 and 1 
The Reflexion Operator— The operator R whioh is 
defined by the equation 

OJj aJg) ~ Xi ^2 itg) 

IS called the reflexion opeiatoi and is of some im 
poiianoo m the oloasifloation of atomio spectra It is 
olear that R oommutoa with the angulai momentum 
operators Mj^ Mg Mg and that smoa R* = I its proper 
values are d: 1 We shall now prove that m a proper 
state of Mg and M^* + Mg* + Mg* in which those 
operators have the proper values mfi and l{l + l)h^ 
the proper value of R is 

^ 1 )^ = H" 1 if i 18 even 

--lifZisodd 
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This pioper value of R is called the Biguafcuie of the 
pi Opel state 

On adopting Sohibdmgoi s lopiesontation of these 
opeiatois wo find tliat the wave function ^ satisfioa 
the equations 


J_1 

Bin 


am 0 


1 


ain^ 




mid 




Kenoo 0 involves only thiough the faotoi exp wi4 
and it may tlieiofoio bo wiitton in the foim 

ijj =z (am 6)'^^ I^itn(oos 6) 


The function Pj^ (ooa 0) satisflos tlio equation 

i‘ - + 1)=^ 


wlieio z has been wiitton foi oob 6 
If m ^ — I this equation is eatisfled by tlio function 
Pi (1 - 1 e 

(1 - 2i«)P, + 2(1 - l)«:Pi -h 2iP == 0 

On diflorontiating this equation (I + m) timoa wo find 
that the function 


1?. 


_ ti!*-''" 


Pi 


satisfies the equation for Pj„ The othei solution of 
this equation hoeomes infinite as « ->• i 1 Ilenco tho 
wave lunotlon iji must ho a numorioal multiple of 


Y„ (1 

= e''"*(sm $) "PjOT 
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Now ifl a polynomial in z which oon tarns only 
even poweis if Z + w is even and only odd powois if 
Z + m IS odd Theiofoi© 

R F, = (- 1)(H 

Also 

(.jm B) ^ ^ _|. a,^* + Xj*)! 

Hoiloo 

Re* (sm 9) = (— 1) (sm 6) 

Tlioiofoio 

R Yj )Yj 

1 0 the piopor value of R is (— 1)* 

Examples — 

(1) Show by lopeafcod intogialion by parts that 

luiloes I = I and m ^ m 

(2) Show similaily that 

f ^ |y,„/2‘i l\»Bmede = 2{l + m)\l{l-m)\ [21 + 1) 

The B(itiations ot Motion — ^The oxohango lelatione 
which have been developed m the flist half of this 
chapter oxpioas the kmematio propoibios of mioio 
physical systems We now have to complete tho 
outlme of the quantum theoiy skotohod in this ohaj)toi 
by obtammg analogous oxpioasions foi tho kinetic pio 
porties 1 e by d^uoing the quantum equations of 
motion 

In classical dynamics the equation of motion of 
a variable y is simply an exphoit expression for tlio 
velocity 01 time deiivativo o{ y y ea dyjdi m teims oT 
the mstantaneouB value of y and the oontompoiauoous 
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valuoa of tlio ofchoi vaiiabloa of the By stem In quantum 

fcliGOiy the equation of motion of an opeiatoi Y is 
an explicit expiession foi an asBooiatod opeiatoi called 
by analogy the volooity of Y 
Tins oonoopt of tho volooity of an opoiatoi requnes 
oluoidation as stiiotly Bpcaknig neithoi the piopor 
values noi tho piopei states of a vaiiable siififoi any 
oliango with lapse of timo Novoi tholeas it is oonvonient 
to deaoiibo a ooitain opoiafcoi Z as the volooity of Y 
if the avoiago value of tho associated vaiiablo z at any 
instant i la equal to the time lato of change of tho aveiago 
value of y /o? any state wlicUsoevei If is the wave 
function dosoribing the atato at any time i Hub doflmtiou 
implies that 

{tin Ztfii) = Y>pt)l(U 

Afl m olasBioal dynamics we shall wiito Z = Y 
If tho histoiioal development of a system is oxpiesBcd 
in tho foim 

= I'W'/'o 

Y can bo oxpioBSod in tormB of Y and 1 (i) Sinoo wo 
must have 

ih h) - 1 = (^0 h) 

tho opoiatoi F(0 IB unitaiy (see Lx 1 p 19) and is 
theiefoie oxpioBsiblo in the foim 

F(0 oxp (— ityfjh) 

whoio W 10 a symmotiio opoiatoi * Now 

d^tldl = (- 

whence 

Yilj,)ldi - WA)(W0e Y0,) + (i/A)(^i ^ YVf^^) 

Theioforo Y == (t/A)(WY - YW) 

This oxpresBion fox Y ib hoio purely foimal as the nature 
of the operatoi W is as yet unknown 

Tho aiguinonl bho oxpoiioublal liaa boon ohoaon in ontioi 
pablon of Iho eubaoquont idontiOoation of W 
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Wo oau now identify the opoiatoi W by an appeal 
to the Oonespondenoe Piinoiplo Clearly the variable 
w lopiesented by W has the dimousions of eneigy 
Wo A&ll show that w is the Hamiltonian function of 
olaasioal dynamics i o the total oneigy expiosaod in 
loims of tho 00 oidinatoa and the momenta 
Considoi a paifciolo of mass ^ The kmebio energy is 

+ ■«»* + a-**) = (l/2(i)(2Ji“ ^ ^4“ + ps«) 

Hence if the potential oneigy is u{xi ^ 3 ) tho Hainil 
toman 1 unction is 

The * e(3[uations of motion aio 

‘I'l = = y/ai?! 

^1 = — = — y/t»fl/x 

Guided by tho Coiiospondonoo PiinoipIo wo shall asBumo 
that tho q^uantum GC[uations of motion aie the opoia 
tional equivalents of tho olossicol oquabions i e that 
the operator lepiesonting equals the opeiatoi lo 
piosenting oto 

Now by tho equations of motion obtained above 

-> (VA)(WXi « XiW) (t/A)(WPi - PiW) 

Also by Hoisonberg s oxohango lolations (p 40) 

- (^//0(XiP - FX,) (VA)(PiI' - FPO 

Henoo (W — P) oommutos with X^ P^ oto Wo shall 
bhorefoio identify W with F ana can now ubo tho 
relation 

t = (»/A)(wy ~ YW) 

as an effective equation of motion for Y giving Y m 
terms or operators lopiosonting knoim variables 
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LXAJrPLBS — 

(1) Show tliatr Llio wave lunotioii foi a wiiAi 

energy w and oomponents of momentum 
(p 0 0) 18 a numerioal multiple of 

exp {%lh){px — wt) 

1 0 il has fioquenoy wl^nlh and wave length 
2^hlp (The foim of the wave function m 
this speoial case mdioatos the oiigin of its 
name and of the wave theory duo to de Broglie 
See Wave Moohanics m this boiios by 
Di H T Jlmt) 

(2) If w = + '^('^) show that 

P=/xX and P = (r/A)(UP - PU) 

(3) Show tliab the aveiago value of the enoigy E(uf) 

IB constant m any state ^ stationaiy or non 
sfcationaiy Show also that the same is true 
foi any vaiiablo y which is oompatiblo with to 

(4) Show that in any piopoi state of tlie onoigy w 

the avoiage value of tho volociby of any variable 
IB /oio [i 0 ifW0 = Wi/i = (iji Yi/f) 0] 

(6) Show that tho velocity of YZ is ‘i’Z + YZ 

(0) If w == (l/2p')(Px® + Pa® + Pj®) + ^a 
wlioio 24 is a Jiomogeneous function of 
of tho Tith dogioo piove that in any pioxiei 
state of 10 

E(24) 2wJ[n + 2) 

[d{Piqi + Piffd + Pdt)ldl -> 2W ~ (» + 2)TJ ] 

The Harmonic Oscillator — One of the eimpleat 
examples of tho determination of the stationary states 
of a system is provided by the one dimensional hai 
momo osoillatoi The classical Hamiltonian function 
for this system is 
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'vvhoie ji 10 iIh luaas aucl cu the naLuial pulaataiioo of Lho 
system (i o the fiociuouoy is aj/2^r) The ooiiosponding 
Hamiltonian opoiator la 

W PV2/i + 

and tlio octiiaiions of motion aio thoiofoio 

X {^|h}(WX - XW) == F/u 
and P = {ilh){WF - PW) = ^ fico^X 

To solve these oquationa (i o to dofcoimino tJio matiix 
elements of W X and P m a stationaiy state) wo note 
that P + cX IS a nnmeiioal multiple ot P + cX if the 
number o le ohoson to bo ± t/ioj Honoo wo intiodiioo 
the opera 1 01 8 

A => P + ijLtojX and B = P — t^wX 

for wliioh the equations of motion tal o tJio simple 
forms 

A = (t/A)(WA - AW) = »wA 
and = (t/A)(WB — BW) = — »tuB 

We take as the basis of oiu ropiesontation tho sot 
of vootois Vq 7}^ Tji which aio piopoi 

veotoiB of W and we denote the oonespondmg piopoi 
values by Wq TJioso numbeis 

oannot bo negative foi 

and (P;^ P n,) (X;^„ X aio both pans of oonjugaLo 
complex numbeis Henoe tho sot of propei values has 
a least term whioli we shall denote by v)^ 

In matiix form the equations of motion aio 

and '^i^ik ^ ^ ^ 

Henoe A^;^ = 0 unless — Aoj 

= 0 unless hco 

Aqj^^ 0 B^p = 0 


and 
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Now AB = ^ iiw(PX - XP) 

= 2/iW — /iAa>I 

i 0 = 2fmj — 

and 3u pai bioulai foi j =; 0 

0 = 2pt,WQ — /x7ni> 

These losults show thati the piopoi valuoa of W foim an 
aiithmotiQ piogiession whoso geneLal ieim is 

Bonoimg this expression by (as is now permissible) 
we 800 that the only non 7010 matrix elements of A md 
B aio of the foim A ^ ti+i Moroovoi it is 

clear that 


1 G Aji^ and aio conjugate complex numbcia But 

2n/i7kj =: 2fJ^Wf^ — fxhuj 
= A^ ®n*“i 

Tlioiofoio 


A^ = €{n) {2n^o))^ 

B = [2(7i+i)^H^ 

where e(u) is a oomplox numboi of modulus unity 
Those icaulis complete the solution of the problem 


Fxamplbs — 

(1) Show that the basis 7 }q 17, 77^ used 

above can bo ohoson so that €(n) == 1 

(2) Verify the result of Example 6 page 01 for tlio 

harmonic oaoillatoi 1 0 show that 


m the piopoi sbato 

(3) Show that the kmotio enoigy of a paitiolo moving 
m 3 dimonsiona is represented by the opeiatoi 
(l/2/x)[P/ H (Mi» + Ma« + Maa)/R«] wheie R 
repieaents r = {Xj^ + + jCg*')! and le 

presents the radial component of momentum 
[2P, = (Xi/R)Pi + Pi(X^R) + ] 



U pnmOIPLtlS or QUAOTUM THEOR’i 

(4) DiBouea the stationaiy states of the fchioo dimeu 
flioual liarmonio osoiUator foi which 

W-Wi + W, + Wa 

wheie 

P // 2/1 + 2imo^X,^ 

taking oa the basis of the lopiesoiitation (ff) tlio 
proper veotois oommon to W, Wa W3 (^) t^ho 
piopei VGotois oommon to W Mj® + h 
and Mg 

The Mam Properties of the Hamiltonian Operator — 

The iGSults of tho last sootion hut one aie summaiisod 
in the definition of the volooity of Y by tho formula 

(0, Y0,) = Yijj^ydt (all 
m the equation of motion 

t = (t/A)(WY - YW) 

and in the Sohiodmgor lepieseutation of W as a difioi 
ential operatoi 

= (— h/%)'b\ljj'dt 

The mam physical propeitios of the HamiUoman op 
eratoi W relate to stationary states and to tiansitions 
fiom one non stationary state to another 

As legords stationary states if la the wave funotion 
for suoh a state at time i then oon diffei fiom 0 
only by a phase factor of tho form exp %o)(t)lh] 1 0 
i{j oxp 

Henoe smoe W = (— h/^)'bj'dt 

and = o){i) 

Now the average value of tho energy w is always a oon 
Btant as proved in Example 3 above Honoo aj(/) a 
constant w and 

t/i exp (— %wilh) 

1 e IS a proper wave funotion of W with proper value 
tv Therefore any stationary state is a propei state of 
the energy 
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The pioblem of tronBitiona m as follows Lei the 
initial state of tho system ho a piopoi state of a 
vanahle a with operatoi A what is the probabihty 
tliat tho system will be in tho piopei state a; of tho 
vanable a after the lapse of timo t ^ The solution is 
given by tho fact that tho aotual staio of tho systom 
aftoi tjmo t is ropioBontod by tho vootor 

pf = 1 {t)cff = oxp (— tiWjh) 

whence the lequired tiansition piobability is 

I iPf 1^ - 1 r 

I e tho Bciuaio of tho modulus of tho a? matiix 
element of ^(t) 

Foi Buffloiontly small intoivals of time wo may wiito 

JP(l) = 1 - tmih 

whonoo the tiansition piobabihty is approximately 

I (- itwih)a]) I* = I w„ P t'jh 

using to denote tho j Jc maiiix olomont of W m tlie 
basis {a^} i e at fiist the tiansition piobability m 
oieasoB as tho squaie of the timo In paitioulai wo 
note that if tho matrix element vamahos then tlie 
mitial tiansition piobabihty ib of oidei i o it is small 
m Gorapaiison with the transition piohabilitios foi non 
vanishmg matiix olomonts of W 

Examples — 

(1) Show that tho probability that a system remains 
in tho same state is 

1 _ [(wa),, - (w,inw 

for small values of i and veiify that the Lotol 
probabihty for all transitions (ly i = 1 

2 ') ) is unity 


5 
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(2) If the oomponentB of the vector m the 

{aj are denoted by = (at j9^) show that tlie 
equations of motion of these oomponenta 
b, = (- ^|k)£W„ b 

H 

Using the mitial conditions 

6, = 1 6, = 0 if ft + j (< = 0) 
show that 

6, = 1 _ (»W«i/ft) - i(W + 

6, = _ {iWutIh) + (ft + ^) 

and hen 00 veiify the expresflions foi the transii/ion 
prohabihties 

Radiafave Transitions —The most impoitant applioa 
tion of the preceding theory is to the transitions wlnoh 
aie pioduoed m atomio systems by the absoiptiori oi 
emission of reidiation The oomplete theory is no cob 
aanly lengthy and intnoate but here again an appeal to 
the Conespondenoe Prmoiple piovides a short (if 
eariouB I) route to the ooiieot result 

Aooording to olassioal eleotromagnetio theory a pai fciole 
of charge e (e a u ) movmg with an aooeleiation/ radiates 
energy at the rate 2ey®/3c® If the three oo ordinatos of 
the particle are the average rate of emission of 

energy will he the average value of 

(2eV3c»)(aJ,« + 

In Bohr b theory which oooupiea an mteimeditxlo 
place between the classical theory and the mocloin 
quantum theory the analogue of this expression foi the 
rate of radiation of ener^ is on expression foi tiro 
piobabihty that the partide will leave its imtial stato 
a and lose one unit of energy in one second 
In the present form of the quantum theoiy the avoxixgo 
value of a variable a; an a state a is the value of ‘bue 
a o-matiix element of the ooirespondmg operator IX 
and the average value of is similarly 

E(a;2) = (X«) | X 
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Now flinoe X = (t/A)(WX ^ XW) 
th© a c-matiix olementj of X ifl 

(X ) - ^ )x , 

and the a c tnatiix ©lomont of X la 
(X) == [\jh)\w 

Hence E(^)“ = « | X^ |2 

Trhero w 

We should thoiefoio expect that the probability of a 
radiative tranBition fiom the state a with loss of 
unit eneigy in unit time would bo 

(2eV3c9)i;a. |" + | X, , p + [ X, ]^} 

Moreovei wo should expect that the individual teims in 
tins sum o g 

(2eV8c> *{\X, ,r+ |X, Ja+ |X, J>} 

lepiesent the piobabihty of a ladiative tianaition fiom 
the state a to mdividual final statos e g the state 
c In the tianaition a o the oneigy lost is 
w w ^7uo Hence it appears tliat the probabihty 
of the tianaition a ->o with tlio loss of energy in 
unit time is 

i2e^a> V8oV0{|Xi \^ + \X^ |“} 

Otheiwiso expLoased this is the fiaotion of tlio total 
numboi of systems in the state a which pass over 
into the state b per second or Einstein a ooeffloient 
of spontaneous emission 

Ignoxing the oooffloiont (26“6«><,-®/3c®A) (which is actually 
only one half of the oooeptod value) we aio led to expect 
that the piobabiliiy of the transition a -y o will depend 
upon the sum of the thioe toims 

|»+|X, el*+|X, 

We mention this result not beoauso we attach any 
value to the method by which it has been derived but 
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m Older to give aomo physical leahty to the oaloulatioii 
of the matiix elements of ^g oamed out m the 

next ohaptei 

The Identification ol h — We noted m the piococling 
section that a c matiix element of X hod the form 
(X) =-0^2 X 

where co ={w --w)jh 

This lesult suggests by analogy with the olasaioal equa 
tions foi simple harmomo motion that during the 
tiansition a c the vanable z is oscillating with 
pulsatanoe o) i e with fiequenoy v — w I2 tt In 
these oiroumstanoes the frequency of the emitted radia 
tion would also bo p Now the oneigy lodiated is 

w — to ^lio) = (27rft) V 

But m Bohr a theoxy of ladiataon the coefficient of iho 
frequency in this expression is taken to be Planck s 
constant i o the constant oocuriing in Planck s foimula 
for the distribution of eneigy m complete lodiation 
Hence we are led to identify our constant h with 
Planck 8 constant divided by 27 r 

Examples — 

(1) By an appeal to the Ooirespondence Pnnoiplo 

show that if = 0 Xg = 0 the chaiaotoi 

of the radiation from an atom durmg tho tiansi 
tion IB the samo os fiom a paiticlo 

oscillating along tho Xg axis i e hneaily 
polarised paialld to the axis (tt) whoii 
viewed along the or Xg axes but of s^oio 
mtensity when viewed along the a. axis 

(2) Show aumlaily that if + ^Xa)a — ® 

(X, — »X,) = 0 tho radiation is oiioulaily 

poWiBed when viewed along the x. axis (A) and 
U) and linearly polaiised poipendioulai to tho 
Xg Dxifl (o') when viewed along tho x^ oi 
axes 

[The symbols tt c X p indicatmg the typo 
of polarisation denote parallel peiiiondioumi 
(sankrooht) left and nght handed ] 
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THE SPIN OPERATORS 

Thh exoliaiigG lolatioiia and tho laws of motion obtained 
in the last ohaptoi foim tho basis of tho quantum 
dynamios of a paitiolo In tho systomatio applioation of 
these goneial piinoiploa to tlio paitioulai piobloma of 
atomic physios it is nooossary to adopt a standaid 
method of lopiesentmg tho vaiious scnlai and veotoi 
functions which ohaiaotoiiso atomic systems Accord 
ingly we shall diBOUSs m this ohaptoi the standaid 
lopiosontation simplifying tho analysis by a systomatio 
use of ooitain spin opoiatoia The leaults obiaiuod — 
tho piopoi values and raatiix olomonts of the vaiioiis 
opeiatoiB — aio of fundamental impoi lance m atomic 
thooiy The apm opeiators aio intioduood to oh tarn 
a repiosontation which is independent of tho paitioular 
00 oidmato syatom employed Cn fact tho method of 
this ohaptoi IS tho quantum analogue of the uao of vootoia 
ill olaasioal dynamics 

The 8pm Operators — Cho method ikI opted in tho 
piovious ohaptoi foi tho lopiosontation of vootois such 
as the align] ai momentum aufloia fiom tho defeot that 
it IS dopondont upon tho oo oidmate aysiom employed 
If Va ^0 oompoiionts of a 

vootor V ill two systoma of oo oidmates the two ooiio 
aponding sots of opciatois Vi Vg V3 and Vi Yq 
aie oonnootod by the same lelations as those wluoh 
oomieot the two sets of oompononts Wo shall now show 
that It 18 possible to lepiesont any vector u by a Binglo 
operatoi V (v V) the iep}e 3 enfal%on being %nde>pend&nt 

09 
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of ihe CO ordinate system and satisfying the folloi^iug 
oonditions — 

(1) If w -> U and V -y V then w + -> U + V and 

cw cU (o being an ordinary number) 

(2) If u and v are compatible variabloa then tlio 
aosJar product 

u v^\([TV + YO) 

and the vector product 

n X Ji(VU — UV) 

AsBummg that such a lepreaentation is possible wo 
can determme its nature by the following aigumont — 

Let flj and a^ denote the unit vootois with com 
ponenta (1 0 0) (0 1 0) and (0 0 1) and let Si S^ Sg 
denote the oonesponding operators Then the veotoi 
I with numerical components L l^) is xopxesonted by 
the operators ZiS^ + Hence by the second 

condition 

(fiSi + 1^82 + H" 

1 e Si“ = 82^ = I 

and SaSs + SsS^ = 0 etc 

Also Si IS the vector pioduot of 8^ by 83 Henoo 
^^(SaS, - 8,83) = Si etc 

Theiefore S^Sg = iSi = — 8383 

Similarly 8381 = iSg = — 81S3 

and S1S2 = tS = — S3S1 

The thiee operators Si 83 S3 aie the spin opeiatois 
mtroduoed by Pauh and Dirao 

We shall now show that the opeiaior lopiesonting 
any vector v is 

V-ViSi+V^Sa+VgSg 

In order that V may be a symmetno operatoi it la 
necessary and suffloient that Si should commute with 
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Vi S2 With- V2 and S3 with V3 (Ex B p 12) Asaumuig 
the poBsibility of oonstruoting apin operators to fulfil 
these oonditiona we note that the soalar product s^v 
will bo reprogonted by i(8iV + VS^) — Vi which 
represents 0 0) and that the vector pioduot 
will be loprosented by i»(SiV — Y%) = VgSa— ¥28^ 
which represents (0 — Vg) Honco V must represent 

the vector with components i^g) Wo shall latei 

voiify the poasibihty assumed above by actually cal 
dilating the matnx elements of Sj Sg S3 m a lepiesenta 
tion m which those opoiators commute with Xj Xg Xg 
and Pi Pg Pg 

The mvaiianoe of the lopieeeiitation of by V follows 
fiom tho fact that tho two sets of oi>oiatoi8 Vi Vg Vg 
and Si Sg Sg both tiansform hko the 00 oidinates 
Xi ^g in any lotation of tho 00 ordinate sysiom 
Honco the scalai pioduot of those two sots of opoi 
atoiB ifl invaiiant 1 e 

V =ViSi +V2S2 +VgSa -ViSi + V2S2 + VoSg==V 

Hence tho operator leprosonting V is unchanged by tho 
lotation of tho 00 oidinates 
The Spin Variable — ^The spin opeiatois iinhko tho 
dynamical oporatois do not loproeent any physical 
vaiiablo jioveithcloss in tho matliematioal theoiy thoy 
must bo treated on the same basis as tho dynamical 
oporatois m older to obtain a matiix repieaontation of 
tho opciatoi V ooirospondmg to any vooLoi v Thus 
wo must regal d tlie oporatoi % as lopiesontmg a fictitious 
variable w whoso pioper values aie tlio inopei values 
of Sg 10 +1 and — 1 This variable w la called tho 
spin vaiiablo It la meiely a mathematical fiction 
mbioduoed to simplify tho analysis 
To adopt this notion consistently we must now con 
Bidei a oomploto observation to be not moioly an 
obgoivation of tho positional 00 oidmatos x^^ ajg and 
but also of the spin variable v) Hence the wave 
functions must be regarded as funobiona ty) 

of the four variables ag to or alternately sinoe 
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Uf takes only two values ± 1 we oan regard a wave 
funotion £18 a SOI t of vector * with two components 

Xq) == ifi{x^ Xji ^a 1) and x^) 

= 1:11 a-s “ 1 ) 

If we make use of the lopiesontatioii of the spm oporaiois 
siiggeBted by Example 3 page 63 we find that on 
wilting 

'^3 1) 1) 

tlion Siiji = i}j fciiijj = Tji 

S^TJi = i-IJi Sjl/j = — |.?Ji 

Sa’?! ~ Vi ^sVt ~ Vi 

111 View of these relations it la clearly uniiGOOsaaiy to 
introduce other Bpm vaiiables ooiiosponding to 
and w docs to Sg The privileged position given 
to S3 does mtroduoe a coitam lack of symmetry into 
the theory but this veiy lack of symmetry ib ospooially 
useful m the apphoation of the tlieoiy to physical 
pioblema m whioh the oocurieuoo of a magnetic or 
oleotiioal field mtroduoes a similai dueotional om 
phaais 

In expressmg the soalai pioduot of two veotois a and 
p m terms of their wave funotions ip ^*1 ly) and 

(i»i eCt summation or integiation must 

now be extended over the domams of all four vaiiables 
Xi Xq V) Hence 

(P a) = ^2 '^3 f) 

+ Xj — 1)^ (^l ^3 -- 1)} dx^ 

Examplbs — 

(1) If S = Si + S t= Si — tSa evaluate S 

and 8 2 ) 

(2) If SgTji = 7)1 Soijj fi^^d the most gonoial 

exprcBsions for 8 jVf eonsietont with the 

relations B3S3 to etc and with the asBump 
tion that the spin operators are symmotiio ’ 

[82^71 — 7 )^ 8 i 7 }^ = 6"^ 771 etc ] 

* A temi vector (Landau) o a apinoi (van dei 

Waerden) 
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( 3 ) If and 83 are the epm operatoia for two axes 
molmed at an angle a enow that the piopoi 
veotora of S3 are 

171 = 'qi 008 + 17a 1 BUI ^ 

and 

v% — Vi 

Honoo show that tlio piobability of a fciansition 
fiom a pioper atato of 89 to a piopoi etato ol 
S3 18 sm^ 01 oos^ ooooimng as the 
pi Opel value does oi does not ohange 
(4:) It T(a) = 00s \a + am show that 

S,T(a)==T(a)S, 0 = 123 ) 
and piovo tliat {T(a)} is a gioup of umtaiy 
opeiatora 

The Rotabonal Exchange Relations —The mtroduo 
tion of the spm vaiiablo necessitates a modifloaiion of the 
lotational exchange lelationa of page 61 foi a rotation of 
the axes of rofoionoe tiansfoims the spin, operatoi 89 
and hence the spin variable v) in addition to the post 
lional opoxatois and 00 ordmalos Xj Xq and ag cig 
The simplest way to obtain the loquisiie modifioation is 
to note that if ag ^3 suffer the tiansfoimatioii 

ooa a — ^g sill a 
a?g = sin a + ajg oos a 

then Si Sg Sg suffei the same tianafoimation 

Si ~ Si COB a — Sg Bin (t 

Sg = 81 em a + 8g oos a 83 = S3 

Those equations may bo wiitten as 

S; ^ T(a)S^T(^ a) {j ^ I 2 S) 

wlienoo T(a) ^ oos + iSg am = oxp [iwSs] 

Now tho unitaiy opeiator T(a) biansfoima only the 
spin opeiatois while the umtaiy opeiatoi Wa((i) of 
p^e 60 tianaforms only tho dyiiamioal operatoi s 
Ilenoe both types of operators will be tianafoimed by 
tho nmbary operator exp [wt(Ma + iASg)/^] Therefore 
in the new transformation bheoiy which takes into 
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aooount spin operatoxe and spin vaiiables tho 

Ml Mb and M3 of the old theory will be replaced by 

Ni Ka and Ns wliere 

4- (^=-12 3 ) 

The rotational exchange lolationB analogous to those 
of page 62 are 

NaVi ^ ViNg iANb 

NaVi - VbNs - - m, 

N 3 V 3 - VaNa = 0 

These lolationa are vahd for tho operators Lopiesonting 
the components of any veotoi Vi Vg and also for 
the spin operators Si Sa 83 — as may bo veiiflod dixootly 
hy substituting S for V If however we employ tho 
single operator V = ViSi + VaSg + V3 83 to lOpiOflQut 
the vector v then since this lopresontation is mvrtxiaufc 

exp (taNa/A) V exp (— = Y ~ V 

whence it follows that V commutes with SimilRily 
V commutes with Ni and Na This simplifloatioii of tho 
lotational exchange relations illustrates the advaiitagos 
of employing the spm operatois 

hXAMPLBS — 


(1) Evaluate tho wave functions 

exp (taNy/A)0(xi Tg w) 

for j = 1 2 3 and hence verify tho lesult of 
Example 3 p^e 73 

(2) If the opeiators Bi Bg and Ci Cg O3 all 00m 

mute with the spm operators prove that 


B 0 = 
( 3 ) Show that 


B^Ci + BjOb + 

+ KSi(BBOe 

it(PX ^ XP) N 


} 


(4) Prove directly fiom the definition of ISTi Nq Ng 


that NtNa ^ NjNb »ANi 
and that NgN^- NNg 
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The spin Momentrun — ^It follows at onoe from the 
lotation&l exchange relations that the Hamiltonian 
operator W being a scalar must commute eitliei with 
the operators Ni Nj Ns or with the operators Mj 
acoordmgly as W does oi does not mvolve the spm 
operators The importance of this losult is that it is 
q^mfce mdepondeni of the atruciure of the Hamiltonian 
opoiatoi and theiefore that is much moio fundamental 
than any oonsequonoo deduced fiom the Coirespondenoo 
Pimoiple (which nairowly restnots the foim of W as 
we have seen on p 60) 

In foot tlie Conespondonoo Principle is only a tom 
poiaiy expedient which must soonoi oi latoi be leplaoed 
by a moio profound study of the naluie ol miorophysioal 
aysioma Honoo we shall not hesitate m this ohaptoi to 
consider the possibility of Hamiltonian opeiators which 
mvolve the spin opeiatois as well as the dynamical 
operatois The struotuie of these opeiatoia will bo 
disoiiBsed buotly at the end of this ohaptoi Meanwhile 
leoogmsmg piovisionally that W may mvolve Sa and 
Sj we note that it is not the opeiatois bub the 
opeiators which will Tieccssaitly commute with W 

It follows that the anmlai momentum vaiiables 
wig nho will bo incompatible with the energy iv so that 
it will bo impossible foi a paitiolo to have a definite 
enoigy and definite angiilax momentum m any one 
pieeoiibed diieotion Indeed m a stationary state 
with a definite constant value of w the avoiago values 
of m 2 m^ will vary AVith the time Tn fact it is the 
opeiators which have all the piopoities which wo 
should expect of the opoiaiois Tins suipiismg result 
suggests the following physical intcixnotation of tlio 
Nv 8 VIZ that the vanables foim only a pail 

of tho total angular momentum the obhei part oonsistmg 
of the vaiiables rcpiesoutod by the opeiatois 
and the total angulai momentum having components 
remesented by the N^s 

This interpretation becomes moie plausible if the first 
pait of the total angulat momentum mi ia 
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legaided as aiising from the iranalaiional motion of the 
partiolo and the other part fiom the roiattmud motion 
of the partiole which muBt now be legaided not eb a 
sbiuotureleBB pomt but as a body of amBdl but fimbe size 
The first pait of the angular momentum can then be 
deBonbed as the meohamcal momentum and the 
aeoond part as the Bpm momentum There is no 
nood to insist upon this mteipretation although it is 
sometimes useful m tho imaginative oonsbiuotion of a 
dynarmoal model of mieiophyBioal Bysiems 

The important oonolusion to be drawn fiom tins dis 
oussion relates to the oomplete desoiiption of tho station 
ary states of a paitiole 

W oommutes not only with Nj and Na but also 
witli N whioh itself oommutes with tho thiee b 
Hence W N and ISTg say form a sot of oommutmg 
operators and the stationary states of a paitiole oan bo 
completely described as the piopei states of these bliree 
operators The oorrespondmg pioper vootors foim tho 
basis of the standaid lepreeentation of the states of a 
partiole 

The stiuobure and thorefoie the pi oper values of W 
will clearly depend upon the external mfiuenoes acting 
i^n the paitiole whioh will vaiy fi.om oaso to oase 
Hence m a geneial tieatment we oan disouas only the 
repiesentation based upon the piopei veotors common 
to N and Hg 

The Matni Representabon of Ng — ^The matrix 

representation of the operatois and Ng oan be 

detei mined by methods Bimilai to those employed m 
Ohaptei in (p 63) foi the operatois Mj and Mg 

The proper valuea of Mg aie of the form 

mh =^(0 ±1 ±2 )h 

Honoe since Ng = Mg + JASg Sg“ = I and Mg com 
mutes with Sg it follows that the proper values of Ng 
are of the foim 

ufi (d: i i it zb 
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Wo then oonstiuob a representation by meana of 
raatnoea of n lows and oolumna taking as the basis 
tlio piopei vootois of N3 with piopei values 

{± I _h -i 

As befoie we find that oominutos mtli 

and that the vootoia of the ba^ia can thoiefoie bo 
ohoBon to be piopei vootora of + Ng* in eaoli 

case with the same pioper value which la found to bo 
Hence the piojior values of Ni^ + 
are of the foim -f l)h^ wheie^y is half an odd positive 
integer 

Similaily we easily find that the non vanialnng matiix 
eloments of N = Ni + iN# and N = are of 

the foim N (u u — 1) andN (w — 1 u) and that tlio 
baaia can bo ohoaen so that 

N (w — 1) =s (5 + u)l(j — w + l)tA = N (u — 1 w) 

T?ot the piuposes of oloBaifying atomio siieotia it is 
nooesaaiy to adopt a ropiesentation wluoh will include 
the angular momentum operatois and the apm 0^1 at 01 s 
But mnoe Sg oommutos witli Ns and Ni* + 
a bfisis odeq^uate for this puipoee must contain a sot of 
vootora which aie simultanoously pioper vootois of Ng 
Ni* + Na^ + and S, Suoh bases woie enniloyed 
ni the oldei forms of the quantum thooiy but m more 
leoont work the calculation s aie considerably simphfled 
by taking as a beiBis tlie proper vootois of 

Ng and M -= MA + + ^3^9 = N - 

Examples — 

(1) Prove direotly fiom the rotational exchange 

relations M^Mg — MgMg := etc that the 

operatois S3 Mg Ng 

Ni® h Na^ + Ng* aU oommuto with one another 

(2) If 18 a proper vootor of these operators with 

pioper values 2s mh vh l{l + l)h^ 

101 &g Mg Ng etc show that 
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+ 0 

= iifi = 0 
M = m + « 

^*11111 ^ + i ^ — i 

a= + = 

= J — ilfwml <M < W, 

= — = 

The Standard Representation In Terms ol Ra and 
K ^ N - 4ftl — It IS rathei more oonvenient to replace 
M by the operator 

K =: M + AI N - JAI 
Starting fiom the relation 

=- Ml® + Mfi® + ^ AM 

w© find that 

+ Mj® + Ma® -== K® -- ATC 

and 


4* N,® 4 N 3 ® = (Ml 4 iASi)® 4 

== Ml® 4 Mo® 4 Mg® 4 am 4iA®I 
= K® - ^^A®! 


Wo have already proved (p 74 ) that Na oommiitos 
with M and hono© with K It now appeals that 
4 Ma® 4 Mg® and Nj® 4 Ng® 4 Ng® aie expiessible 
as polynomials m K and therefore that they oom 
muto with K and Ng and with one another 

Now let l{l 4 1)A® ^(3 4 1)A® hh and -mA be the piopor 
values of M^® 4 M^® 4 Mg® Ni® 4 Ng® 4 Ng® K and 
Ng for a oommon proper vector 77 {Jc u) Then 


l{l 4 1)== l(i ^ 1) and 3(3 4 1) = -- i 

But I and 3 are never negative Hence 


and 



The numbers I 3 and h which speoify a proper state 
are called the serial inner and auxiliary 
quantum numbers of the state 
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Since the posflible values of Z aio 0 1 2 and 

the poBBible values ofj aie J ^ f it follows that 

the possible values of L are ± 1 ± 2 ± 3 the 

vahie 0 being excluded Honoo tlio piopei values of K 
ftie of the form 

hh 

When the value of k is fixed the possible values of u aie 

-1*1 + 4 -lM + 4 1*1 -+ 1*1-4 {21Mm 

numhoi) We shall take as the standaid basis the set 
of veotoiB rj[k u) ( — Ifcj + i < \h\ — ^ andfcbeing 
unioatiioted) and shall verify that cill the opoiatois 
M3 Sx Sa S3 oau be lopiesented by matiioes in 
terms of this basis The matrix elements of any 
oporatoi T will be spooified by moans of two pairs of 
suffixes {h w) and (A- u ) oooording to the notation 

T(h u k u) = {r]{k u) T^'q{l u )) 

The oommutmg operators Ng K Mi* + Mg® + Mg* 
and Ni* + Nj* + N3* aie all leprosented by diagonal 
matnoGs No other angular momentum 01 spm opeiatoi 
oommutes with both Ng and K so that we have a maxi 
mum numbei of independent oommutmg opeiators 
The repiosentation of Ni and Ng oan be doteiinmed 
as m the piovious section If N = Ni + and 
N === Ni — thenN and N both commute wth K 
so that the only non vanishing matrix elomonta are of 
tho form N (i 14 k 1 ) and N (i; u — 1 k u) 
with tho oommon value 

1(3 + i)® ~ (U - = (^ + ^ - mk - ^ 

The Matrix Representation oK the Bpm Operators 
Si Sa S3 — ^Afl in the oase of the opeiators Mi Mg Mg 
and Ni Ng Ng it will bo convenient to introduce tho 
opoiatois 

S = Sx + iSg and S == Sj — iSg 
Then sinoe Sx and Sg aie symmetiio the matiix elements 

S (fc w h* u) end S {h u h u) 
are conjugate complex numbers 
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Dealing first witli S3 we note that S3 oommutes wltli 
Ng Hence S3(i u h w ) = 0 iinleBS u = u Also 
S3 satisfies the eq^uation 

%K + KS^ =- 2M3 + 2/^83 =- 2N, h AS, 

On replacing the opoiatois by malux oleinouls wo 
find that 

Sa(ft U Ic u) k + h S,(A’ u I u) 

=« 2 ^ 3(4 U h U)lh + So(^ U I 

Hence 

( 2 k — 1)S8(^ n k u) = 2 ^t 

and 

(A. + fc - l)S3(ifc u I u )^0 lik \ k 

Therefoio the only non vaniahiiig matiix olomonta of 
S3 are of the form 

S8(A; u h u) and u 1 — A w) 

Moi cover the diagonal elomonts aio givoii by 

Sj(fe n h u)^ 

The moduh of the non diagonal elomentfl onn bo dotoi 
mined from the equation 

S,«==T 
1 e 

Sa*(ft u k u)^ Salt u 1 — t «)S8(1 — In il t/) 1 

whence 

(since Sa 18 a symmetiio operatoi) 

Turning now to the operator S wo foim the equations 

NsS ^ s N, AS 
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and 

S Ji h Kb = 2M + 2ftS 2N + Ab 

fiom whioli it follow^a that 

S (A u fc ) = 0 unless n ^ ^ 1 

and h ^ h oi I ^ 1 

Moieover the second equation also shows that 

S (fc u A — 1) = N (fc w h 71— l)j{l — i)h 

= (A + -- 'w + i)V(^ i) 

It follows sunilaily that 

S (i w A n ) = 0 uiJesB u It — 1 

and h =- A 01 1 — A 

and 

S (A- It ~ 1 fc 'it) = S (A 14 A It — 1) 

Tlio BUivivmg inatnx olemonts can ho cloduoed fiom 
the i elation 

SS =-:2I + 2S8 

1 e 

S (A It A It — 1)& (A It — 1 A It) 

+ S (A « 1 _ - 1)S (1 ^ A II - 1 A It) 



whonoo 

t S (A It 1 - A U - 1) I 1 S (1 - A It -- 1 Ji 7i)\ 
(A + u — 4)t(A + U-- i)^l\k — ]\ 

The Selection Rules lor Xg — ^Tho soleotion rules 

foi any opoiator aro simply the formulee which give 
explicitly the non vanishing matrix elements of tliat 
opeiatoi in some agioed lepiosontation By means of 
the rotational exchange relations of page 74 we can 
easily determine the seleotion lules for the operatois 
Xj Xg in the standard representation The im 
portanoe of those rules is that os noted on page 67 
0 
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fcliey deteimino Iho posaiblo iftdifttivo liunsitioiiB of n. 
paitiole and the oharaotei of the ladiation omttoa 
If t denotes as usual (xi^ -h ^ 

denotes the oorrespondujg operator it is oloai toat I 
oommuteB with N, and K and honoe that the basis of 
the standard imieaentatiou is inadequate to moludo K 
Tf Y. Y. Wa shall theiefoio oonsidoi 


:~-2hY 


Tine stiauQara . 

and therefore X, X, We shalf theiefoio oonsidoi 

tho operators Yj Y^ which lepresont ^ a; h 
and whioli can be lepiesentod in the standaro way 
Let Y = YA + YA + Y,S 3 Then Y oommutes 
with Nj (p 74) Honoe 

Y(A. u k u) = 0 unless « = « 

This 18 the seleotion lule foi 
Now 

MY -h YM /jj Y I )-|-(MjYs— M aYOSaSad- 

; Siy.MjsA+ +feM.+ ) 
-I- (Y.M.-M3Y»)»Si+ + 0 

= - 2A(YiSi+Y3Sa+Y8Ss) = - 2hY 

Therefoie KY -j- YK = 0 

16 Y(ifc « i- «) = 0 unless ft = - fc 

This IS the selection rule for A) , i < ^ 

The selection lules for Y^ Ya Ya oan now be deter 
minod from the eq^ufitiona 

Y, = i(S^Y + YSy) 

I’d example by the selection rules foi Y 

2Y,(Aj u It w) = S 9 (fc'» —A) w)Y{— At % Ac ii 

+Y{A) « -ifc «)Sb(-A: % h u) 

Henoe by the selection rules for Sg 

Ys(A! tt ifc w ) = 0 unless « = «, 

and - A: = A! or 1 - A) 

i, = — A-oil + A. 


Therefore 


or 
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Theiofoio tho aoloGiion lulos foi Y 3 aio IhaL 

u L ) — 0 unlGSB u = u 

and J = — fcoiAjil 

It IS easily voiified that tlie same seleotion iiilo m 
i holds foi Y =; Yi + ^Ya and fox Y = Y^ - lY^j 
The seleotion lulos in u foi those opoxatois aie tho same 
as for 8 and S loapeotively 1 e => u 'f I 
In teims of j and I the seleotion lule in h becomes 

3 J I =^l ± I 
01 j =j -\^i I =. 1-^1 

or j ^3 -- 1 I I 

These are the well known lulos for the innoi and soiial 
quantum numbers 


Examples — 


(1) Establish tho following selection lulos for an 

oporatoi T lepieaentmg any soalai 
T(^ u I u) ^ 0 imloss u ^ u and i ± 

[T oommutea with and 1 

(2) If 


El « KXg ~ X3K 

Eg == KEi - EiK 
and Eg = ICE 2 + EgK 
piove that 

Ej^ = -— 

Eg = 7*^X3 + MNgX + ^3) 

(X = XA + X2S2 + X3S3) 

and Eg « ^^(KXa + XKg) 


Henoo show that 


K«Xa - K^XgK - KXgK^ + X^X^ = h^{KX^ + XgK) 
and doduoo that X 3 (jb u jt u ) = 0 imless 
(k + l )(fc« ^2kh + it a „ 1) ^ 0 etc 

(3) Show that the signature (1 e the proper value 
of the reflexion opeiator R of p 6fl) of any 
proper state of K la (—1)* Show also that 
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IhG s&loGiion lulo loi the Mgnaluio lomaiiig 
untilLeiecl by tho aiit/ioduoiioji ot the spin 
opeiatois 

( 4 ) Tf G == Ml® 4 - + M3® prove cliiootly fiom tho 

lotational exchange lelaiions that 

G®Vy - 2GVjG H V^G® = 2h^{QVi + V^Q) 

foi oaoh oompoiieni of any vogLoi and 
hence cle<liioo the selootion iiilo ml 10 

i(i + - (2 - miQ h iv -a \- -^)“] - 0 

01 Z=J 4 : 1 — i 5 01 

Show also that tho non ncgativo ohaiaoteis of 
I and I oxolnclo the fonith possibiUbj and 
permit tho thud poasibihty only if I «= J =0 
Wliy IB this possibility also oxoliided ^ 

The Matxix Representation o! Yj Yg —The non 
vanishing matiix elomonts of Y aio of tho forJU 
Y(k n — h u) and wo can show tliat theso olomoiits 
are of the foim exp whoie is leal and doponda 
only on h JPor Y ooinmutes with N 10 

Y{h « ~ i 'w)N h u — k u — 1) 

N (i ^ u - l)Y(ib u-l -A « ~ 1 ) 

Now 

N (A- h u — 1 ) 

= {*3 ^ [ti. - iyyh = N (- i ^ - A. - 1) 

(aeo p 79) Henoe 

Y(A' n — Aw) 

= Y(A w — 1 —A u — 1) 

= Y(A: w — 2 — Aw — 2) olo 

1 e Y(A' w — A w) is indopondeiit ot u Also Y® ^ I 
whence 

Y(A; w — A L n A w) = 1 

Since Y is ayimnetrio the footois on the left aie conjugate 
complex numbers whonoo Y(A w — A w) is of tho ^im 
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exp iflfc wheiG la an odd fimofcion of^ lo B ^ 6f^ 
We shall write exp = €{h) foi biovity 
Tlieabsoluto valuea of the maliix elements of Yg Y and 

Y oan now bo obtained from ilio idaiions 

Y3-i(S3Y + YS3) oto 

and the known absolute values of the inatux elomonts 

of Sa B and S 

Thus 

Y^(k u ^ I u) ^ \S^(l u I u)Y{Ji u ^ I u) 

+ \Y{L It — il zt)Si(— w — / It) 

J lio oompleto eot of matux olemonts aio tivbulalod bolow 
A) c= - fe 

Y {k u — i-tt — 1) = 

it{L){k + w - mk - It + - 1) 

Y [k a -k u+l)=> 

y[k)(k + tt + ink - it - - i) 

Yi(k u -k v)=== i«(fc)u/(i.® - 1) 

fc = A,+ 1 

|Y(jfc w Ji, + 1 « - 1)1 

= l{k — it + ink — w + + il 

lY (A it A, + 1 M + 1) 1 

= i(A! + u + -!)1{A, + « + i)V|A, + ii 
|Yj(A u il + 1 «)| 

=> iCA- — It + DMA- + It -|- i)*/|A' + 

k = A. — 1 

1Y(A) It A: - 1 It - 1)1 

= i(A) + It - i)l(Aj + u~ f)V|A. - i| 
|Y (A- it i-1 it + l)l 

- i(A - « _ i)t(A) - it - i)*/lA- - 11 

|Yfl(i!3 u fc — 1 tt) I 
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Examples — 

[Theao examples aio exeroisea on tlio lepiesentafcioii 
of the opeiators Vi Vg V 3 lepiosenting tho 
oomponents of any dynamioal vooioi in tho 
basis formed by the unit vootois a(Z m such 
that 

(Mi^ + + Ma«)a(i m a) ^ + 1)^^ cf{l m s) 

MgOtiZ m 5 ) = mh &{l m a) 
iS 3 (y(Z m a) = ah a(l m 5 ) ] 

( 1 ) Show that the soleotiou lulos aio 

^ = 5 J = J -j- 1 

for all throe oomponents and 

m = m — 1 foi V =: Vj + 

w 1 for V = Vx — iVg 

m =: w for V 3 

( 2 ) Show that 

MV - VM MV = V M 
M V -- VM = ^2ftVa 
MV - V M = 2ft V 3 

Henoe deduce that 

V (Z m I — 1 m — 1 ) = + 0{l) {1 4 - m)*(Z + — l)i 

V (Z w — 1 Z “ 1 THi) = — G{1) (I — m)l(Z — m + 1)* 

V3(Z m Z — 1 w) = — C'(Z) (Z — m)l(Z h 

V(Z-1 m Z w-l) = + (7»(Z) + 

V 4 Z— Im — 1 I m) = ^ 0^(1) (Z + m)l(z 4 - w — 1)* 

V3(Z — 1 m Z w) = — 0*(Z) (Z — m)^(Z + ?;t)* 

where 0{l) is a funotion of Z only (Smoe 
oommu tea with Vj V^ Va the quantum numboi 
8 need not be quoted ) 

(3) Show (a.) that the {I m Z 171 ) matiix element of 

Vi» + Vg* + V,» - iCV'V + V V ) + v,^ 

IB Z(2Z - 1)|C(Z)|» + (Z + 1)(2Z + 3)|0(Z + 1)|» 
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and {b) that the (I m- I m) matiix element of 
VT - V V 18 

2m{2l ~ 1)|0(Z)|® - 2m(2l + 3)!C(Z + 1)P 

(4) The Bolii model of a hydiogon like atom 
comista of an oleotron of mass fi and ohaige 
— c moving undoi the Coulomb abtiootion of a 
fixed inioloua of ohaigo Zc Ifonoo the Hainil 
Ionian function for tho election is 

v) ^ - Ze^/? 

whoio ? ® + ^ 3 ^ Tho ocoon 

tiicity veotoi whose oompononia aio 

= (aa/0 + - W3^)a)/(/xZca) 

IS constant m magnitude and duection Its 
magnitude ib the eooontiioity e of tho orbit 
described by tho election and its direction la 
along tho ma]or axia The total energy la 
given by 

/iZV(ai® + — 1) = 2(mi® + 

Oonstruoi the analogue of this argument m 
q^uantum dynamics showmg that 
(a) tho operators Aj Aj which lepioseni 
ag each oommuto with tho Ilamiltoman 
opeiator W 

(6)/iZ«ei{A^a + Aj* + Ag^ - I) = 

(Mi« + + fcU)W 

(c) AiAj - AaAi == (2ft,/i^Ze^) M^W etc 

(6) Show that in the 2(w*) dimensional ropioaenta 
tion whose basis oonsistB of the vootois 
(r{l m fl) such that 

Zr:=0 1 2 

— f— I+l I — \ I 
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W ifl lepiosented by a multiple w say of the 
unit matiix I and A A A3 aie lopioflonted 
by the matiioeg of Example 2 with 


|C(J)|» 




[Use Examples 3(6) and 4(c) ] 

Show also by Example 4(6) that the value of 
18 — 1 0 

whole C/2frA la the Rydberg constant 

(It 18 lomaikablo that all the iigoiouB methods of 
obtaming tins formula for the energy levels of the Bohi 
hydrogen atom roqmie equally lengthy and intiioato 
aigument ) 

The Relativlfitio Spin Operators —The preceding oo 
count of the spin operators is inoomplote because it 
deals only with the three spatial oomponentfl of a 
vector and yields a representation which is mvaiiant 
only with reflpeot to ordinaiy spatial lotatioiis A 
complete theory should be applicable to lelativistio 
4 vectors ‘'(such as the electric ohaige and 0111 lent 
4 vector or the energy and momentum 4 vector) with 
three spatial and one tempoial component and should 
yield a representation mvanant with xespoot both to 
rotations and to Lorentz tionaformations We pioceocl 
to give a biief account of this quantum tensor analysis 
necessitated by the demands of the special theoiy of 
relativity 

Let Ej Eg E4 be the opeiatois which lopresont 
the 4 vectors with components (1 0 0 0) (0 1 0 0) 
(0 0 1 0) (0 0 0 1) — (the temporal component is 
written last) Let Vi Vj Va V4 be the four commuting 
operators winch lepresent the four components {v^ 

U3 V4) of a 4 vector v and let 


V + V.Et + V3E3 + 
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be the operator lepiesenting v Then must repiesent 
the squaie of the magnitude of v oi the numbei 

the imitB of time and distanoe being ohoBen to make 
the invariant velocity equal to unity Henoe we must 
have 

= — I = 0 + j) 

It follows tom these equations that tho E^ s oamiot 
be aymmotno opoiatoia wc may howevoi take thorn 
to bo skew If wo doflno Eg by tho equation 

Eg = ^EjE^EgEj 

wo find that the prooedmg equations still hold when 
j and L oan take the values 1 2 3 4 5 Ah possible 
pioduots of tlio E^ s formed with any numbei of faotois 
will now bo of the foi m oE^j^ (c — di 1 ± ») wheio 

E^fc = E^E^ 0^ = 01234 6) 

and Eo — »I 

Wo now find that if u and v aie oompatiblo vaiiablos 
then the scalar product u v xh ropiesontod by tlio 
operator ^(UV + VU) while the operator ii(UV — VU) 
18 equal to This opeiator evi 

dently repiosente the 0 vector whoso oompononts are 
'^1^8 — — (h ^ ^8 

and 

u^Vl = by — u^V2 — ^ 3^4 ^ =“ 

When, wo roBtiiot ouiselvea to ordmaiy lotations and 
exclude Loiontz tiansformations the two sets of com 
ponontB (oi an, Og) and (6] 6 q) both behave hko the 

components of two veotors a and b which aio repre 
sented by tho operators 

A AijS 3 

and B — -b B 2 T 2 -(- B 8 T 3 

where Sg lEj^^ Sg frE ]^2 

and Tj = ^E^^^ Tg =* '(E 24 Tg =* 
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We now see that 

— I 8383 = tSi :=^ — SaSg eto 
= I T^Ta = iSi ^ — TgTa eto 

so that the S^s have all the piopoibios of the non 
lolativistio spin opeiatoiB mtioduoed at the boginitmg 
of this ohaptoi (p 70) Moioovoi smoo tho oomponenis 
of tho angulai momentum loally foim a q^uasi vootoi 
hko a 1 e smoo they aio tho thi ee spatial oomponontfi 
of a 6 vootoi the lepresoniatioii of tho angulai mo 
montiim by an oporatoi of tho foim 

M - MjSi + M 3 S 3 + M 3&3 
18 onbiioly justified 
Examplbb — 

(1) Show that tho sixteen oporatoi s 

Eq Hj Ejj;, {j h = 1 2 3 46j ^ k) 
are all skew and Imeaily mdepondont 

(2) If El Ea Eg E4 and E^ Ea B3 E^ aie two 

similar sets of gpm opoiatois piovo that 

PE^^ = E^j^P and PEy; = E^^P 
wheio P =; (10 teiras) 

P-i = - 

and 

P“-= - I 

(3) If E*! =: Eg = tEg Eg 1== ^^4 

show tliat 

Ei^ = I EgEg = iRi eto 
and tliat oommutos with S*, for all values 
of^ and h 

(4) Show that tho trouBfoimatiou opeiaior P of 

Example 2 oan bo footoiiaod in the loim 
P = iPiPa 

where P^ = i(I + S181 + 8382 + 83S3 ) 

Pj = 1(1 + + EjEg + EaR^ ) 

and Pj oommutes with Pj 
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The Relahvisho Wave Function — In oidei io obtain 
a matrix lepresentation o£ the operaioi 

V = + VaE, + V3E3 + .V4E, 

wo must treat the spin opoiatois on the same footing 
as the dynamioal opoiatois and wo must theiofoio 
intLoduoe oeitain spin vaiiables just as in oni 
proYions invoetigation (p 71) The examplos at tlio 
end of the pieoeding Bootion show that tho oomploto 
sot of s oontam two oominutmg bgIb of opoiatoiB 
Rj and S 3 wbioh both behave hko Paiili h 

Bpin operatoifl Honoo it will be oonvonient to take 
aa tho boaifl foi tho lepieaonlation of the tho 

proper vectors oommon to Rg and S 3 Tho propoi 
values of those two operators oie I smoo 

X(li3) =■ x(^aRsRa) = X(~ 
twid X(S 8 ) = X(^i^33a) = X(” S 3 ) 

it follows that foi each opeiatoi the sum of its piopoi 
values is zeio 

Let / and g denote tho spm vaiiablos lopiosontccl by 
Rj and Sj then the lolativistio wave function will have 
tlio form 

i-a "^8 '^4 f 0 ) 

when regarded as a function of tho positional 00 oidmatos 
and tho spin 00 oidinates (Hoio X 4 denotes tho tiino ) 
It may also bo legaidod os a pseudo vooior with four 
oomponenta 

^i(^x ^4) ^ "^4 1- 1-) 

^4) *^2 *^3 ^4 ^ 

^3(^1 ^2 ^3 ^ 0(^1 ^4 ^ 

04(^1 '^a 'Wi) = ^(^1 ^ ^ 

amcG / and g oan take only tho values 1 

For fixed values of the positional 00 oidinatoB Ri 
and % will bo roproBontod by tho matiioos 
1 1 



and Sg = 


-'I 


-1 


1 


-1 
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and lb will easily be veiifled that the simplesb lepio 
Bentation of Hi R, Si Sg is piovided by the matiioe'5 



1 

— % 

Ri — 

1 

il 

1 


1 

1 


1 

— % <> 

8..* 

1 

Z/1 

19 

II 

1 


1 

1 


The lopresentaiion of the lomaiumg spin opoiaLois otui 
now be deduced liom the oquaiions 

lEi I^.Si 1^2 = ItiS2 = 1^183 lEi = otc 

It follows fiom the natuie of tlua lepioaoutation that tho 
spin operatoia oommuto with tho dynamical opoiafcois 

Examplhs — 

(1) If X = X,Si + XaS, + XjSa 

and P = PiSj -|- PfiSg 4" Pa^a 
prove that 

XP = RP +%K 
where 

2P = ^(X,/R)P, + P/X^/R)] 

- (2/R)(XiPi + XjPa + X,P3) - 2ihlR 
and K “ MiBi + MjSg + MgSa + hi 

(2) Prove that R3K oommutes with P [SO0 Rx 3 

p 90] 

The Belahvistio Hamiltoman Operator —There is only 
one point m the preceding account of the pimoiplea 
of the non relativistic quantum theoiy which now 10 
quirea essential modification — ^namely the tieabment of 
toe Hamiltoiuan operator In the non rolativistio the 01 y 
this operator representing the eneigy was n sonlai 
and therefoio it commuted with tho operators Ni Nj 
and N Rut m the relativistio theory the energy w iB 
simply part of the temporal component of tho energy 
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inomonGum i vooloj mid tho piecoding 

aigumenfc iti tlioiofoio invalid Wo oaii howovei do 
tor mine the foim of W by an apjioal to tlio ConeBpoiidonco 
Pimoiplo 

In the olaBBloal foim of tho spooial thooiy of lolativity 
the energy momontnm 4 vootor is ec[ual in magmiudo 
to the piopei mass Wq of tho paitiok oonsideiod i e 

- Pi^ - Pa® - Pa^ = Wq* 

Honoo we shall assume that tho opoialoi 

n 3 1^1®! + Pallia dr Ps^3 d" 

has piopoi values i mo loi a stato with piopoi value 
p wo find tliat 

Pi “ “ lEdPiEi + “h IVL3) + 

- - E,fei(PiSi + PaSa + PsS,) + tEift 
P + Bj /t 

Now tho total onoigy w is Oho sum of tho lunotio onoig^ 
Pi and bho potrontial onoxgv u Ilonoo 

W - Pi + U 

= U + BaP + Bg/x 

This IB tho foim of the lelatmstic Haamltoman opoiatoi 
when all tho (linoai) momentum is moohanioal In a 
magnetio field pait of tho momentum ariaos fiom tho 
aofcion of tho field and a coiiesponcling allowance must 
ho made 

Examples — 

[Tile followmg sequenoe of oxoioisos apply to tho 
relativiBtio iianultoiuan opoiatoi foi hydiogen 
hke atoms m which TJ — Ze“/B On ohoosmg 

tho unit of timo so that the oiitioal velooity is 
c tho Hamiltonian opoiatoi boooinos 

W = — Ze*/R + BfiPc d" 

Tho fine struotuie constant e^fhe is donotod 
by «] 

(1) Show that the opeiatois W BgK and 
Q = K -h i(7e®X/cB)B2 all oommuto with ono 
another 
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(2) If 7j IB a piopei veoLoi of W RgK and & vnlh 

piopei values w hh and gh show bhat 
c{X/R)P Tj = 

{ — iRj/iO -|- R4 (w 
and c®P ^ = 

{ — + 2wZe^lR — g(g — l)hh^jR^}ri 

[P ooramutea with X/B P — R-^P 
= iAR“2 and P = (X/R)(P + tKjR) ] 

(3) Show that in the non relativiatio fchooiy of 

hydxogeu hke aioma the analogous i elation is 
of the foim 

+ a/R - A(A + l)h^lR^}^ 

wheie a = Ze®/R and A is the soiial quantum 
numbei 

[Pi= + P*« + Pa^ = P,' + (M,» + + M3«)/R2 ] 

The pxopei values of have been shown (p 88) 
to be 


- aa/47i«(A + 

where n^ = I 2 3 

Show fiom a oompanson of the two oxpieasions 
for Py* heie and m Example 2 that the piopoi 
values of w in the relativistic theoij aie given 

If^V = 1 4. 

This IB Sommerfeld 8 formula 

(4) Show that ^ = A(l — and obiaui tho 

following approximate formula for the piopoi 
values of w 


0 


a GZ» , 

where 


0««Z«f 1 

n* + J 



= m^l2h' n = no + l i| 3 ^ 





CHAPTER V 


COMPOSITE SYSTEMS 

In Ohapteifl FII and LV we have developed the geneial 
prmoipfea of the quantum dynamios of a Bingle paitiole 
e muBt now pass on to study the dynamics of systemfl 
oompoBod of several paitiole^ The two mam pioblems 
aio the lelation of suoh a system considoied aa a whole 
to tlie partioloB oi sub eyatema ol whioh it is composed 
and the mtei action of the sub systems among themselves 
with its efteob on the Insionoal development of the 
system aa a whole 

Any seiioua attempt to solve these pioblems hos out 
side the scope of this book The theoiy o pounded m 
tlufl ohaptei is mainly piepaiatoiy to the study of the 
major pioblems and is pimoipally oonoeinod with the 
minor problem of tho pioper desoripiion of tho states of 
oomposite system s in terms of tho maximum numboi of 
compatible vaiiablea This mvosiigation is in some 
sense parallel to the iigid kmematics of olaasioal theoiy 
with its theoiy of the doBoiipiion of iigid bodies m teims 
of oentrea and moments of inertia 
The Exchange Relations — ^The first step in tlie piob 
lem of the dependence oi mdopendenoe of sub syatems 
16 the oonati notion of the exchange lolations which 
express the oompatibihlv oi inoompatibihty of van 
ablosb olongmg to differmt sub systems There is hltlo 
difficulty m showmg by the pimoiplo of symmetiy 
(p 44) that the operatois lepresentmg vaiiables belong 
mg to diffeient silb systems necessarily commute with 
ono another 

Gonsidei flist the opeiatois and Xi^ 

Xg® Xg® repiesenting the Oartosian positional oo 
ordinates of two paitiolos A and B By rotatmg tho 

90 
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ao 01 dumfce aysliom about fcho point (Xi^ X,*) wo 
oan show that 


(X^B - X/ X/) = (X A _ XiD X/) 
- X/ X A) = (X,A - X^JJ X^B) 


oto whence oommulos with X,a XjA XjA Simi 
laily we can show that X,A X.a XqA ajj oommute wth 
X/ X3B 

Seooiidly turning to tho oomponontB ol momontum 
P/ P> PgA and Pj® Pg^ tho method of aigumoni 
applied on page 44 to the oommutatois (Q Z) and (R YJ 
oan also bo apphed to (P^^ Xn^ — Xg^) and (p/ 
— Xg^) bhua showing that Pg^ oommutoa with 
and Pg-^ with Xj® By similar aiguments it follows that 
Pi^ Pg® Pg^ all oommute with Xi^ X®^ Xg^ Honcewo 
conclude that any dynamical vanablo of one paibiolo 
commutes witli any dynamical vai table of another 
particle 

Pinally wo must oonsidei the two sets of spm opoiatois 
S/ 8/ SgA and If Vg^ and 

Vi® Vg^ are the opeiatois lepieseiiting tho com 
ponents of two vectors belonging to the two pai tides 
the veotors themselves will be lopiosouted by 


+ Va^SgA 

and v» = + Va®Sa® + Vg^Sg^ 


It will obviously bo convenient to onsuie that com 
mutes with V® and we shall theiefore oliooso the spin 
operators so that any spm opeiatoi ol tho paitiolc A 
commutes with a/n/y spm operator (or dynamical opoiatoi) 
of the particle B and vice versa 
In this chapter wo shall use tho notation 
Vi = V A + + Vg = V/ + V,® + 

oto for the operatois representing tho sum ol tho 001 lo 
spending components of veotois belonging to diffoiont 
particles of a system In this notation the rotational 
exchange lelations for a composite system are 

NgS^ - S^Na - 0 
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(for a soalfti operator of the particle A) 

- V/Nb = t7lVs^ 

NsV.A _ Va^Na = - tAVjA 
N,V-,A - V/N, = 0 etc 

whcio N3 = M/ MgA + + + Si® + ) 

Eyamelhs — 


(1) Piove that m a composite system 

NaS - SNa = 0 (S = + S® + ) 

N3V1 - V1N3 == ^^Va 
NsVa - VaNa = - tAVi 
N,V, - VgNa = 0 etc 

(2) Piovo duootly that m a composite system 

MjMi — MaMj = tAMi etc 
and NgNa - NsN^ = lANj etc 

( 3 ) Show that the pioper values of N3 aie of the foim 

(0 i 1 i 2 )h 
or (± i ± 4 ± i )h 
aoooidmg os the numbei of particles is even 01 
odd 


( 4 ) If 

SA® = id + Si^S 1® + Sa^Sa® + 8,^83®) 
sliow that S^®S/ = S,®S^® (y = 1 2 3) 
and (S^®)* = 1 

(6) Show that the spm opoiators for two pai tides can 
bo represented by the matnees 

1 ~t 


* 1 

1 

Sa* 

1 



Si®-> 1 

1 

oio 


1 


i 


1 


1 


(see p 62 ) 


(6) Ooustiuot the matiix lepresenting S'*® and sliow 
that its piopei values aio 111—1 


7 
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The Bepresentation o£ the Vectors oi a Oomposite 
System — ^The appropriate matnx repreaentation of the 
operatois of a oomposato system can now be deduced aa 
an immediate ooiollary of the exchange lolationa ostab 
hahed in the last section To be definite let us oonsidoi 
a system composed of two particles A and J3 and tho 
lepreaentation of the two sets of opeiatois 
N/ N 3 A Ni® 

The standaid basis foi the fiist tluee opeiatois is tho 
set of pioper vectors of with piopei values 

ujji and the standaid basis foi the Beooiid thieo opeia 
tors is the set of pioper vectors n(«ii) of with piopoi 
values Similarly wo shall take os the standaid 

basis of both sets of operators the sot of sunultanooua 
pioper vectors ri{u^ u-^) of and Ng^ with simul 
taneons piopei values U/Jh and These three seta of 
vectors cannot of course be piotiued in tho same apace 
but we shall estabhsh a relation between the vootois m 
the spaces A and B of 7 ){ ux ) and 7 j ( 14 d ) a^nd the vaotois 111 
the space C of 

A extern m a definite state can be (paitially) i^ie 
santed etihBr by a vector a m A and a veotoi jS m B or 
by a smgle vector y in C Let 

CL = i:i^{Uj,)a(Ux) ^ = S7}iUB)b(U3) 

and y = Ub) '^^b) 

Then \c{u^ Wb)|“ is the piobabihty that in tho given 
system, Ng^ and Ng® have the values u^h and But 
|a('aA)|® ifl the piobabihty that ISTg^ has the value U/Ji 
and 16 (wb) 1® la the probabihty that Ng® has the valuo 
Now tho operators Ng^ and Ng^ oonunute so that 
these probabihties are mdopendent Hence 
\C(UA Wd)P= \a{UA)b(UB)\^ 

Moieover by suitably ohooaing the phases of the com 
ponents of y we can ensure that 

c[Ua Ub) ^ a{uA)b[uB) 

This is the reci^mred relation between the vectors of A 
and B and the veotois of C In view of this relation tlio 
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space C la desonbod as Iho pioduot space ot A and B 
and we wnte 

C^AxB^BxA 

Now let be the opeiatoi lepiesentinc a vaiiable 
of tho paitiolo A Then in the space A the maliix 
elements of aio given by the equation 

T^7j(ma ) = wa ) 

To debeimino the matiix elements of m tho product 
apace A X B we note that a deteimination of the valuo 
of will not affect the values of tho vaiiabloe of B 
Hence xn the space B le lopreaonted by the %de 7 d%cal 
operator of this space Pie 

) = 2^j(wb)P(^d ) aay 

whoiG P(wb Ub ) = 0 if wb + 

01 1 if Ub — 

If W6 take (y to be the veotoi T^r)(ux ) m A and to bo 
the vootoi T^7^(un) in B y will be the vector T^^r}{ux ) 
in A X B 
Then 

T^rjiux liB ) = Sr]{UA. 1Xb)1^('Wa U3 Ua. TId ) 
and T^(wa Wb Ua = T^(i4a )P('W'Ii ) 

= 0 if 4* 11 b 

01 T^(«^a Wa ) if i^b — wb 

Similaily if lepiesents a vaiiable P of B thou 

T®(iia 14a -Wb ) ~ 0 if «a + 

01 T®(14d ) if ^a = '14a 

Moi cover tho matiix elements of the sum in 

the pioduot space A X B aio oleaily 

(XA ^ T^)(ua 14b 14a Wb ) 

= Ua )P(14b 14b ) + T®(14b liB )P(14 a I^A ) 

whore is tho identical operatoi for the space A 

The loproBontation of N^^^ N^^ in terms of the 
basis rj{uA 14b) follows at once fiom tho general formulas 
obtained above and need not bo written out exphoitly 
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Examples — 

(1) Show that the pioper values of axe the 

sums of proper values of and of T® i © are 
of the foim that the piopoi valuer 

of aio of the foim 

(2) Apply the method given abovo to doteimuio the 

lepiesentation of Si^ Sg^ 8^^ in 

tho product space of the spin vaiiablea and 

(3) If the opeiatoig (hri^)*+ and 

-t- (Na®)“ + (Na®)® have piopoi values 
Ja(5a + and >^b) foi aU 

the basic veotora 7/(t*A «d) ^how that + Ng® 
18 lepiesented by a diagonal inatiix with 
(2 ja + 1)(2^d + 1) elements whioJi may be 
arranged as follows — 

jA + JA + JD — 1 JA + JD — 2 — ^ 

— 1 JA + JD — 2 ^ ^A ^ + 1 

^A + Jb ^ 2 ja + ^ 3 — J V — ju + 2 

— Jb ^ A ^ JB ^ 1 — JA + JB 

(4) Show that 

+ V)“ + (N/ + + (NgA + Na^js 

IS ropiesonted m tho same beisiB by a diagonal 
matrix with elements of the foim 
where 

^ ^ (2 ^a + 2jb + 1 timos) 

or JA + — 1 (2 ja H- 2^b ~ 1 times) 

or ^A — JD (2 ?a — 2^11 4- 1 times) 

The Selection Rules in a Composite System —The last 
example shows that even when we possess tlio maximum 
information about the sepaiato paitioles oompoaing a 
system we are still fai fiom posaessmg tho maximum 
information about the system as a whole In oidei to 
obtam a complete description of tho ayatem os a wholo 
we must include m the fundamental sot of commuting 
operatoiB not only those lepresentmg tho paifcial * 
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momenta Na^ K® otc bub 

also the operators 

N3 = Ni H-Na^ 

lepiesenfcing the total momonfcuin Tlio piopoi 
values of these opeiatois will bo donotcd by uh 
l(l 4* 1)^^ j(^ d" l)h^ and it will now bo nocoasaiy 

to deteimino the soloolion iiilos foi the opoiaiora 
Xj X3 with lespeot Ion I and j 
If we introduoo throe opeiatois such that 

^ I = %Si otxi and which oommuio 'with all 
the dynaraioal operator a and the spin opoiatois wo may 
define M and N to bo the opeiatois 

and then deteimme the eeleolion lulos by an aigument 
similar to that adopted on page 81 foi a single paitiolo 
Tt is obviouB that wo shall thus obtain the eoleolion 
lulos ^ = J or j d: 1 ? = Z 01 Z i 1 foi Xi X^ and 
X,, and u = u — 1 01 tt I foi Xq X = + ^^2 

and X = Xi — ?Xj lospoobivoly But thoso lOBults 
roqune to bo Bupplomontod by two othoi i liIon chai 
ooboiistio of a oompOBite system 
In the flist place it is oloai that if j = 0 and 9=0 
blion the matiix olomonts of N N and N., will all bo 
zeio and the same will bo tine of ilio matiix olemenbB 
of X X and Xa Hence wo have the additional 
selootion 1 ulo 

if ^ = 0 then ^ H 0 

Secondly it is neoessaiy to oonaidoi the signatiuo 
of a composite state i 0 the piopei value of the 10 
fiootion opeiatoi 

ft = 

wheie 18 defined by its action on the wave function 

W^) 

m the space A as 

t<>A) ^ 
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We have shown (p 60) that the Bignatnie of the paibiole 

A IS 

=> (— 1 )*^ 

^a(^a + 1)A“ being the proper value of 

(MiA)fl + (M + (U,^y 
Henoe bhe aoignature of the oompoaito system is 
^ = (— l)h *■*11 * 

(by Ex 1 p 100) 

Now it IS clear that oi 

RX^ + X^R ^ 0 

Hence tho selection lule for B is 
f r= — r 

le ?a + ? 3 iH^ diffois from H" 

odd numbei Thus is Ifapoxta s rule 

ExAMPUas — 

(1) Show that foi a composite system 

M^Xi + MaXfl + MgXa + 0 
and honce show that eitliei Xi X^ oi X3 must 
have matrix elements for whion I = I 

(2) Show that the propoi values of J(Si® + + 83^) 

aio of tho form + 1) where 5 = i??' — 1 

1 01 I bemg the numbei of paitioloB 
in the system (5 is oallod the spm^ qitan 
turn number ) 

(3) If 71 18 a piopei vector of 

Ms M/ + Mb“ + M3» 
with pi Opel values m 
uh j{j 1)A* show that 

1^8 — 1 1-^8 — 2 |I — ^1 

Wjiwx *=» J ^ ^hnln = — t ^ 8 
Compaie the lesults of Example 2 p 77 
where n =:= 1 and s = ^ 

!rhe Symmetry of Syatems OontainmK Similar Par 

tides — In the preceding study of the raatiix ropie 


1 % i(Si^ + + Sb«) 

Nb Ni^ + Na^ + N/ 
8{a + 1 ) mfi 
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Bentatlou of the opeiatoie of a compoBite system wo 
lefltnoted our solves to a ooneideiation of the angulai 
momentum operatorB Now suoh opeiatoia soive to 
ohaiaoteiiae a oomposite system m a paitial mannei 
only A oompleto deaonptiori of a oomposite system 
would require also the use of the Hamiltonian opeiatois 
of its sub systems — oi the mtioduotion of the appio 
piiate wave funotions — oi eomo equivalent method 
But as soon as we oonsidei the pioblom of tlio oompleto 
dosoiiptiou of a QompoBito system we enoountei lo 
markable diatinotion between systems wliioh do and 
systems whioh do not oontam similai paibioles 
By similar systems in geneial we mean Byaboms 
whose Hamiltonian operators aro essentially the same 
in paitiioulai similai parbioles aie paitioles wluoh 
have the same mass ft and ohaigo e Lot us oonsidei 
the special pioblem of the ropiesentation of a system 
oonyiOBed of two similar or cbssimilai particles by moans 
of Sohrodinger s wavo functions 
If the paitioles aie dissimilai we may distinguish 
them as A and B Then the wavo function 

'^8 Vi Vi Va) = y) 

deteimmes the piobabihty that A is m the volume 
element dxi dx^ at itg and that B is m the 

volume element dy^ dy^ dy^ at 2/1 J/g Vq This piob 
ability IS given by 

|0(» y)|* dxi dx^ dxQ dyi dy^ dy^ 
and it IS quite distinct fiom the piobabihty 

\Hy #1 

that A 18 in the volume element at y^ y*^ and that B 
is in the volume element at ^8 The mtoiohango 

of two diasimilaL paitioles will produce an obaoivaWo 
ohango m the state of tho composite sysiom (If wo 
aie usmg spin opoiaiors wo must moludo tho spm van 
abloa m tho argument of tho wave function ) 

If howevei the paitioles are similai we can dis 
tmguiflh thorn only by the positions which they occupy 
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Hence the wave fimotion ifj{x y) detei mines no moie than 
the probabihty that one of the two pai tides la at 

and that the other of the ttoo pai tides is at yi y^ 
Ab before this piobabihty is given by 

I tji{x 1/) I ® dXQ di/z dy^ 

which IB oquaJly the probability tJiat one pai tiole la at 
Vi Vi Vi ofchei at Xj Honoe 

and moieovei the wave fimotious ^(^ y) and tj;{y ^) 
must refer to the same state (theie is no obsoivational 
on tenon foi the mterohange of similai pai tides) i o 

ifi{y x) = e‘ 7 j) 

and \/j{x y) = tjj(y x) 

The phase a may possibly be a f line lion of ^ and y 
a{x y) But if so it must satisfy tlio condition 

a(x y) = - a{y ^) 

and it must be mvaiiant foi translation oi notation 
of the 00 01 dm ate system Tho only such invariant 
function of v and y is the diet once 

{Vx + Oa -^ 2 ^+ (yg - 

which does not satisfy the fiist oondition Hence tho 
phase a must be indopendont of x and y Thoiofoie 

iIj{x y) = t) 

10 0 
or = + 1 1 

The wave function foi a system oompoaod of two 
similai particles is thoiefore either aymmetiical or anil 
aymmetncal m the oo oidmates of tho two pai tides i o 

eithei i//(x y) == i{j{y x) 

or tjj(x y) ^ — ili{y X) 

To determine which of these mathematical poasibihtios 
18 actually realised we must appeal to the empiiioal facts 
of atomic and moleoulai struoturei whioh can be cone 
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lated wifcli the general principles of quantum theory 
only by assuming that amtx s^/nmsiry is ohaiaoteristio of 
pairs of eleotrona or of pane of protons Hence for 
elootions or protons we must use anti symmetiioal wave 
funofcions 

El the general ease of a composite system containing 
m electrons and n protons a similai aigument allows us 
to conclude that the wave function must bo anti 
symmetiioal m each pan of oleotron oo oidmates and 
anti symmetiioal m each pan of proton oo oidmatos 

Examples — 

(1) If P is the (permutation) opeiatoi which mtoi 

changes the oo oidmates of a ceitam pan of 
similar pai tides in the wave function of a 
oompoBite system and if W la the Ilamiltoman 
operator of the system show that P and W 
commute 

(2) The m fi element m a dotoiminant A is the 

function ifj Prove that A is anti symmet 

noal m each pan of arguments Xj^ Con 
struct the analogous function of the a wluoh 
IS symmetiioal m each pair of aigumonts 

(3) Let W Wy be differential operatois which act on 

the vaiiablos ^ y lespectively If P is the pei 
mutation opeiatoi dofinod by 

P/(^ y) =/(// 

prove that PW® — W,,P PW^ = 
and P(W H W^) -= (W^ + Wv)P 

(4) If 0 IS the wave fiurotion for a system composed of 

similar sub systems each oontainmg j elections 
and h pi o tons show that 0 will be symmetiioal 
01 anti symmetiioal in the oo oidmates of each 
pair of sub systems accordingly vlb j + k la 
even or odd i e acooiding as the net ohaige on 
each sub system is an even oi odd multiple of 
the eleotromo charge 
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The Interactlou Energy and Perturbation Theory — 

In olaflsioal dynamioa the total energy of a system oom 
posed of sub systems A B N is the sum of the 
piopor (or self) energies of the individual systems 
and the mutual (oi mtei action) eneigies 
of the systems taken in paais so 

that 

w =3 + 

Sitmlaily we assume that m quantum dynaraios tho 
Hamiltonian operator W of a composite system is tho 
sum of a numbei of opoiatoia W® 
of which IS the Hamiltonian opoiatoi of sub system 
A eto and the opoiatoi lepresenting the 

mtei action energy of sub syaten^s A and B etc 

The sum of the operators is called tho intei 

action operator U Clearly commutes witli 
etc but does not m general oommuto with oi U 
To overcome the difficulties which aiiso from tho 
existence of an mteraotion opeiatoi U which does not 
commute with W® the following dovioo is 

fiequently employed m desoribmg composite systems — 
We consider the composite system whoso intei action 
operator is XU where A is a real numeiioal constant and 
W6 show that all the numbers — ^proper values of opoiatois 
values of transition piobabihties aveiage values of 
variables — ^whioh ohaiao tense a definite state of tho 
composite system are expiesaiblo as powoi soiios in A 
with ooeffioienis completely determined by their loading 
terms which of oouise correspond to tho value A = 0 
That 18 to say the properties of the actual system foi 
which A = 1 can he mathematioally deduced from tho 
properties of the ideal system for which A = 0 Tho 
details of the mathematical teohmquo the pei tuihation 
theoiy are irrelevant to our general hne of exposition 
and wiU not be discussed here The oonolusion which wo 
borrow from the mathematical analysis is that the actual 
system (A = 1) is completely and adequately deaoiibed 
(in an imphoit mannoi) by tho ideal system (A = 0) 
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svluoh may be oonsideied to evolve into the Ewitual 
iyfftem as A moreasea from 0 to 1 
Consider foi example two similai one dimenaional 
liaimonio osodiatoia wmoh are elate tioally coupled Let 
tlio osodlator A have kinetio energy 
and potential eneigy when ite displacement 

fiom its position of eqnilibnum la Then 

2/iW^ := (IA)a + 

and similaily 

riiG piopoi values of W® aie both of the foim 
(rt + i)ho}Q whore ri- is a positive integei oi zeio (seo 
p 61 ) Let the mutual eneigy of A and B bo 

Then U = i/xcuo®c(XA + X»)® 

We shall now obtain the piopei values and the wave 
functions of the operatoi + W® + AU as functions 
of the paiametoi On lutioduomg tlie piinoipal 
00 oidinates Xi and ^a defined by the equations 

’\/2 ^^ = aA + ~ 

the total kinetio eneigy opoiatoi [(P^)® + (PB)a]/ 2 /i 
booomos 

i^[CXA)» + (X®)^] = MW + W] - {Pi^ + 
and the total potential eneigy operatoi 

+ W] + 

booomes h + Afxcuo*cXi* 

Honoe the Ilamiltonian opeiatoi is now 
[PiV2/x + iM<.^A)X,»] + [P,V2/x + 
where a)*(A) ^ ajo®(l + 2 Ac) 

It 18 easily veiifled that the two paibs Wi and W2 
into which we have divided the Hamiltonian operatoi 
will commute with one another Honoo the composite 
system is adequately doaorihed by the piopoi values of 
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Wi and Wj say (w + i)A6u(A) and (n- i)Aa}o Also if 
ipl'G^ (m + + i)^o] the wave 

funotiona of Wi and when A ^ 0 the wave funotions 
in the general ease aro 

ip[Xy{7n + i*)^(A)] and {n + i)^o] 

1 0 they are completely determined by the wave fiinotions 
foi the ideal ease A = 0 Henoe the state of the ootual 
systom (A =* 1) la completely detei mined by the ideal 
abate (A = 0) 

It la tins devioo which is employed m the olossifioation 
of atomic stiuotures The actual atom is leplaoed foi 
pui poses of olasaifioation by an ideal atom in which 
theie 18 no infcei action bebween the difteient elections 
although the intoiaotion of the elections with the nuolouB 
IS retained unalteied Each electron la iheiefore tioated 
as if it moved undei the attraction of the nucleus alone 
ojid the piopei values of its eneigy operator aio thoie 
fore the eneigy levels of hydiogon like atoms Hence 
the ideal atom can be oompletely described by the piopei 
values of the angular momentum and eneigy opeiatois 
of the electrons of wliioh it is oomposed and these 
numbeis also seive to desoiibo tho states of the actual 
atom 

Examples — 

(1) Let 7)1 7)2 be simultaneous piopei vootois ol 

tho self eneigios W® oi a composite 
system Prove that the probability that the 
system should pass fiom the state tj^ at tune 
i = 0 to the state at time i t is \[7)^ P’^j) 1^ 
where E = exp (— tUr/^) U being tlie iiitei 
action operator 

(2) If ijj{x A) IB the wave function for tlio systom with 

Hamiltonian operator W = H + ATJ and if 
il)(x A) = iffQ(x) + A^i(a3) + + ^ 0 + 

prove that 

H0O M = 0 H0i(a:) = - VU^) 

= - U^„(a3) 
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(3) Lsfc 0i(ic) ili^(x) bo a complete aet of wave 

functions representing a act of propei states 
of a ceitain system with. Hairultoman operatoi 
W Show that the wave function 

ifj = I]\}j^{x)o^ exp (— ^ivijh) 

will lopresont a staiionaiy state if 

are the components of a piopei veotoi y of 

W with propel value w 

(4) Deteimine the most goneial form of tp and the 

foim of the piobability that the states repie 
aented by p and should be tbe same 

[\^n 

The Exclusion Principle — ^We must now oonsidei m 
moie detail the lepresentation of the stationary states 
of an ideal composite system The Hamiltonian 
oporatoi of the complete system is the sum of the 
Hamiltonian operators of the sub ayatems which com 
pose it and these opeiators obviously commute with 
one another Hence a stationary state will be (at least 
partially) deaonbed as a propei state of the opeiatois 
Wn This dcBoiiption xn terms of the 
partial energies Wa must be completed by 

employing additional gioups of variables oharaotenstio 
of the mdmdual sub svatems e g the angular mo 
montum variables A stationaiy state of the composite 
sysiem wiU then be completely specified as a piopei 
state of N gioups of operatois say 

0 ,^ 

Let the mdividual sub systems A B be re 

presented m their own proper spaces A B by the 
wave funotions 0(ajA qn) Qh) wheie 

Bummanaes the positional and spin oo oidmates of A 
etc and q* aummaiiBes the propei values of 

tor the wave funotion ^(®a qi) ®to If the 
sub systems aie all dissimilar the composite system is 
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lepiesented in the pioduoli space A X B x by 
^aye funotions of the form 

ffO (a pioduot of N faotoifl) 

fcheie being no reairiotionB on the footora employed 
But if the sub systoms are all similar the wave function 
representing the composite system must be synunetiioal 
01 onta symmetiioal m each pair of oo ordmates 

If the sub systems are oleotrons the wave 
function must be anti symmetiioal and will theieforo 
have the form of a deteiminant m which q ) la 

the element m the row and column 
This deteiminant will oleaily vanish identically if 
any two seta of proper values savg^andy^b aio the same 
for m this case the and oolunojis of the dotei 
Tnmant would be identical Now the sets of piopei 
values q^ seive to specify the state of the ideal 

composite system in terms of states of the sub systems 
which can be regarded os geneiatmg the oompoaito 
system Hence the only states of the ideal composite 
system which are actually lealised aio those geneiated 
by N differ&ni states of the N sub systems This is 
Pauh B exclusion prmoiplc It shows that the anti 
83Tnmetry ohaioctoiistio of systoms composed of similar 
systems excludes from oonsideiation all states of the 
oompostie system in which any pair of the geneiatmg 
sub systems are m the same state 

Examples — 

( 1 ) Let P denote any permutation of the N groups of 
00 oidmates sja xj^ and let Pa?A 

Pxd 'Pxjf denote the moups by which tliey 
are replaced Show that the operator P defined 
by the e<iuation 

P 0 (cba ^ Pa? ) 

18 a linear umtaiy operator which commutes 
with the Hamiltoman operator of a system of N 
similar partioles provided that the interaction 
IB aymmetnoal in each pair of particles 
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(2) Lei 1*1 = I Pa Pa Pni denoLo tlie N I poi 

miitalions of the N groups of oo oidmates xa 
xa Show that the operator 

77a = (1/N I) (71 = 1 2 3 ^\) 

n 

commutes with all the Py b and that tlio 
operatoia TTa JJb oommute with ono 

anothei 

(3) Show that the probability of a tiajisition from 

any piopei state of TJa 77© ^ othoi 

propel state is iigoiously zeio i e the piopoi 
states of those opeiatois aie entirely mdepondont 

(4) Show that in a symmebnoal oomposite system tho 

proper values of the 77 s aie all + 1 and tliat 
m an anti symmebnoal system the piopei values 
aie i 1 

The Bleotron Configuration ot Ideal Atoms —To apply 
Paulis exclusion principle to an atom containing N 
similar elootiona it is only necessaiy to decide upon 
a standard set of opeiatoia foi the doeonption of Mio 
oleotromo states which geneiate the state of tlio 
whole atom A suitable set of opeiatois (foi electron A) 

IS 

(N/)^ + (NaA)« 

(MiA)a + 

The proper values of those opeiatois are of the foi in 
- OZ^jn^ j{j + l)h^ l(l + l)h^ uh (see p 88) 
whore f = 0 1 2 — 1) 

7 = a + 01 (l^i) 

and + l 3 — J 

The electron oouflguiation. of an atom is then speoiflod 
by N dtjfermt sets of c[uantum numbeis each sot of tho 
form {n I 3 v) 

If we oonsidei an ideal atom ignormg the inter 
aotiou energy which may well he fai fiom neghgible 
the total energy of the atom will he 

{nA^^ + nB-^ + 


+ tin ^ 
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An atom is said to bo m its noimal state when the 
absolute valuo of its total onoigy is as large as possible 
ttud the detennmation of the noimal state of an ideal 
atom piovidos a simple illustiation of the exoliision 
principle 

It IB olearly unneoossaiy tliat all the pniioipal 
quantum numbers Wb should be difteiont 

and on tlio noimal state we must make as many as 
possible equal to 1 then as many as possible equal to 
2 and so on 

Tlio eleotrons foi wluoh n^ \ aio said to foim tho 

K sliell Foi those eleotrons 


n^l Z = 0 j = i 

Hence the maximum nnmbei of elootions in tho K sholl 

IS 2 

The eleotrons foi which n = 2 foim tlio L shell 
For these elections 


n 



1 \oi 


Honoe tho maximum number of elootrons in tho L shell 

IB 8 

Similarly we can show that m any sub group in 
which each election has the same piinoipal quantum 
number n and the same soiial quantum numboi I tho 
maximum number of eleotrons is 2 if / =2 0 and 


{2\l + J| + 1) + (2\l ^ i| + 1) ^ 2(2Z + 1) If ? + 0 

10 m both COSOS the maximum number is 2(2/+ 1) 
This IB Stoners ivle It follows that in any complete 
shell or gioup in which each election has the samo 
principal quantum number n the maximum numbei ol 
eleotrons is 


S2{21 + 1) [/ = 0 1 2 


— I}] — 2/ii^ 
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Tho fuifchei dovolopmenta of the theory of atomio 
etruotuie aie beyond the scope of this book Tho main 
cUfloulties nse aa we should ejcpeot in makmg the tiansi 
tion fiom ideal atoms to actual atoms but they aie 
diffloulties of method lather than of principle 

Examples — 

(1) Show that the normalised wave function foi 

a system of N elootions is (N 1)^1 X the dotoi 
minant of tho wave functions qj) of Iho 

eleotioiuo s bates 

(2) Show that foi a complolo sIioU tho piopoi values ol 

Sa ^ S/ + S/ + M3 Ns 
Ni® + Na® + Na® aie all zeio 

[Thoie 18 only one possible configuration foi a complete 
shell theiefore only one wave function which 
IS theiefoie a proper veotoi of all tho above 
operatois etc ] 

Quantum Statistics —The oublme of tho genoial 
pimoiples of the quantum theory sketched m this mono 
giaph may oonvoniently be brought to a oloso by a biioi 
account of the apphoation of these pimoiples bo statia 
tioal meohanioB Iloro the subject of study is a ooUoobion 
of ffimilai mateiial sub sysbems (such as a goa) which do 
not mtoioot with one anothoi diiootly but only tbiough 
the medium of ladiation Tlenoc the oomplobo aystxim 
must consist of tho maboiial sub systems phia the lodia 
tion and its Hamilboman opeiaboi will have tho foim 

W + HA + + IP + + R 

whore R is tho Hamilboman opoiatoi of tho radiation 
and HA tho operatoi xeprosentmg the energy of iniei 
action of the sub system A with the ladiation Such a 
system is most oonvemently dcsoiibod in terms of tho 
proper states common to WA R and the mam 

problem is to calculate tho piobability that a sub 
system will pass from one of its piopoi states a bo 
another proper state b This transition piobabihty 
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t) depends upon the matrix elements Ujk of the 
mtei action operatoi 

U - + 

and we shall oarry our oaloulations sufficiently far to 
compare the two probabilities ^ j, and Pf, of two reci 
piooal tiansitions {a^b b^a) whioh we shall find 
are generally different in value 

We shall oonsidei the ease of a symmotrioal system 
and we shall ignore the opoiatoi R and its piopei vootois 
— the raodifioationB necessary when R is retained can bo 
Bupphed without difficulty Lot Q e {q^ q^ 
q ) be the complete oiiay of all possible sots of 

quantum numbers foi any one of the sub systoraa 
^inoe the sub systems are similai this an ay is the 
same for eveiy sub system ) Let J be a oolleotion of N 
sets of q[uantum numbers (with lepotitions if desired 1) 

32 Jti soleoted fiom the oompleto aiiay Q 
and let 5= J be the group of all 

possible permutations of these N sots of quantum 
numbeis Then if j^) wave 

funotionB representing piopei states of the individual 
sub systems A B a wave fuuoiion of the oompleto 
system will be repiesented by a sum of the foim 

Wj =. aj ip(ieA J 3i)<I>{'^b 

extended over all pei mutations of the oolleotion J 
(Heie as on p 110 lepiosents the set of quantum 
numbers by which the permutation J replaces ) 

This wave function con also bo speoiflect by the set of 
numbeis w, in which denotes tlio 

number of j e m J which are equal to q and we may 
write 

Wj = y^(r»i Wj ) 

The numerical coefficient aj is to be chosen so as to 
normalise !Fj Now if J dv denotes the operation of 

integrating and summing over the domain of all the 
positional and spin oo ordinates of A B then 
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= JrtJi)'/'(i'A J ^i) <lv 

= |ajl* 2?J0 *(xa J Ji)0(a.A J Ji) dv 
m 

= X the nuinhoi of poi mutations of the 
ooUeotion J 
-KI^XNIKI^I 

Ilonoo wo may take aj to he \ n^l /N 1)* 

In oaloulatmg the matiix elements of U wo shall 
lequire to Imow the numbei of pei mutations of tho 
ooUeotion J which leploco a ooitain numbei by one of 
the n numbei s oqual to q This is oloaily 

(N-l)l/%lnj,! (n -1)1 

01 71, /N X tho total numbei of these pei mutations 
Wo also note that tho matrix elements of any opoiaior 
in the space A which are given by the integrals 

J'0♦(^A g q,,)dvA 

aie mdopondent of the affix A wluoh distmgiiishes 
tho individual systems and may therefoie bo denoted 
by the symbols H j, 

We oan now calculate the matiix elements of 
which ooirespond to a tiansition from the state of the 
oompleto system lepresented by IFj to tho state lepio 
sen ted by a similai type of wave function Wo 

liavG that 


= aj*aK Z" J K JftJs) 

0(iKij K h^) dv 

Now the mtegrals 


all vaniali unless 


I - ^nK foi P = 2 3 N 
in which case their pxoduot is unity Hence all the 
matrix elements of will vanish unless the two oolleo 
tions of sets of q^iiantum immbois 

Jm(J* h Jn) and K (fc* kn) 
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ttie ideuUoal foi some m and n i e the oolleotious 
iji 38 Jn) (*» h ^h) ai® identical Hence 
we may write the oolleotioni J and K in the foim 
J ® (? </«! ) and K B {grj j ) 

tf we wiite 

Wj = W{n, ) and ) 

the selection rulea for aie oleaily 

n =n— I l 

but otheiwiso 

Hence each matrix element of H^ lefeis to a simple 
process in which a smgle sub 33 stem loaves the state 
speoified by the set of quantum numbeis q and ontois 
the state specified by the set q^, 

For the non vanishmg matrix elements the only sui 
viving terms in the expiession foi are 

aj^asi q )H^0(^A qb)dvA 

the sum being taken ovoi all pei mutations wluoh leave 
q (01 qfj) unaltered 

Hence 

= i:[na/N] H 

and 

== [K + l)/n ]i [«„/N] (J ^ K) 

But 

UjK = HjI + + = N hA 

Theiefore 

fJjj = Sn H 

and 

UjK = + l)]t H 6 (J .|i K) 

Hence the probabihty of a tionsition m wbioh a 
Bub system pasBes from the state apeoifled by g to the 
state speoified by q„ m (a short) time I is (see p 65) 

P b = 1Ujk|» + l)|H,4l*f“//t« 
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and Binulaily the tianeition piobabihty fox the ooii 
verso prooess is 

Pi - %(« + 

Txampms — 

(1) Let M P bo opoiaiois defined by the 

relations 

N m 

M„(N + 1) = (N )M 
P (N,) = (N + 1)P 
N M P commuto with P^, 

Show that U = i; N II.i, P^^i 

a b 

(These axe the operators omploycxl in supoi 
quantisation M P usually being wiitton as 

eWa c-iw ) 

(2) It may be assumed that the elleot of moludmg the 

ladiation in the preceding argument is to prove 
(1) that the transition of a material aub system 
from a state to a state is aooompamed by 
the tiansition of a radiative sub system fiom a 
state q to a stale qj^ the transition probability 
p bemg piopoitioned to 

nn (nt, + 1 ) + 1 ) 

and (2) that there is oonseivation of enoigy i o 
E + E = + Eft 

If m a state of oquihbiium 

P bb ^ Pbb 

wxd =/(E ) (E^ ) oto 

show that 

TXfl = l/(Ae^^« - 1) 71^ « l/(Afi/^^ - 1) 

Hence mfei the form of Planck s formula foi 
oomploto radiation 
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(3) If Wj IS an aufci pymmotuoal fiiiioiion show that it 
oan bo wuLton. in tlxe foim ) wboio 

oaoh n = 1 oi 0 and show that tho polootion 
nilos for U aie 

n I =« 0 

Uf, — 0 ^ Tib ~ 1 

and othoiivise =; 
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